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The aim of this text is to present some applications of intersection theory to the

global study of holomorphic foliations in projective spaces.
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Holomorphic foliations are an offspring of the geometric theory of polynomial dif-
ferential equations. Following the trend of many branches in Mathematics, interest
has migrated to global aspects. Instead of focusing on just one curve, or surface, or
metric, or differential equation, try and study their family in a suitable parameter
space. The geometry within the parameter space of the family acquires relevance.
For instance, the family of hypersurfaces of a given degree correspond to points in
a suitable projective space; geometric conditions imposed on hypersurfaces, e.g.,
requiring it to be singular, usually correspond to interesting subvarieties in the pa-
rameter space, e.g., the discriminant. Hilbert schemes have their counterpart in
the theory of polynomial differential equations, to wit, the spaces of foliations.

The last few years have witnessed an important development of the study of
holomorphic foliations. Works of Jouanolou, [32],[33] Cerveau, [5],[6] Lins-Neto,
[37],[38], Pereira [7], [9],[41], Cukierman [10],[11],[12], Calvo-Andrade [2],[3] Gémez-
Mont [26], [23],[24],[25] and others have focused on global aspects, clarifying ques-
tions regarding the (non—)existence of algebraic leaves, description of components
for the spaces of foliations of codimension > 1, etc.

Our point of view follows the line of classical enumerative geometry, which treats
questions such as: How many plane curves pass through an appropriate number of
points in general position? How many space curves varying in a given family are
incident to an appropriate number of lines in general position? Find the degree of
the space of planes curves having a singularity of given order; compute the degree
of the wvariety of hypersurfaces containing linear subspaces, or conics, or twisted
cubics, and so on ...

In this work we consider similar questions for holomorphic foliations.

Holomorphic foliations of degree d on the complex projective plane P? are de-
fined by nonzero twisted 1-forms, w = Y a;dZ;, with homogeneous polynomials
a;(Zo, Z1,7Z5) of degree d + 1, up to scalar multiples, satisfying > a;Z; = 0. The
parameter space of foliations of degree d is a projective space PV (the coordinates
being the coefficients of the a;s) (cf. (2.4), (2.6),p. 48). The scheme of singularities
of w is defined by the homogeneous ideal generated by the a;.

It is well known that a general foliation of degree d on P2 has exactly d? +d + 1
singularities, all non-degenerate. So it makes sense to try and study the geometry
of the set of foliations with degenerate singularities.

We show how to find the degrees of the subvarieties of PV corresponding to
foliations displaying certain degenerate singularities. Given an integer k > 2 we
study the locus, M, C PV, of foliations with a singularity of order > k. These
are foliations defined in local coordinates by a holomorphic 1-form that can be
written as w = axdz+bidy+higher order terms, with ax(x, y), bi(z, y) homogeneous
polynomials of degree k. It turns out that M, is the birational image of an explicit
projective bundle over P2. Using tools from intersection theory, we find a formula
for the degree of M.

Another interesting type of non-generic foliation presents a so called dicritical
singularity of order k: require apx + bry to vanish. This defines a closed subset
Dy C Mg.

A geometric interpretation for the degree of the above subvarieties is as follow:
Requiring a leaf of a foliation to be tangent to a fixed line at a given point defines
a hyperplane in the parameter space PV. Therefore, the degree of each of the loci
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Di € My C PV can be reinterpreted loosely as the number of foliations with a
singularity of the specified type and further tangent to the appropriate number of
flags (point, line) in P2. It turns out that the degrees of Dy, M} are expressed as
explicit polynomials in k, d.

This fits nicely into the tradition of classical enumerative geometry: answers
to questions such as determining the number of plane algebraic curves that have
singularities of prescribed orders, besides having to pass through an appropriate
number of points in general position, are often given by so called “node” polynomi-
als. There is a wealth of results and conjectures on generating functions for counting
suitably singular members of linear systems of curves on surfaces, cf. Gotsche [22],
Kleiman and Piene[35]. We hope similar results can be formulated in the setting
of foliations.

Continuing the analogy with enumerative geometry, let us recall that, while a
general surface of degree d > 4 in P3 contains no line —in fact, only complete
intersection curves are allowed, those that do contain some line correspond to a
subvariety of codimension d — 3 and degree (dil) (3d* + 6d3 + 17d* + 22d + 24) /4!
in a suitable PV,

Similarly, motivated by Jouanolou’s celebrated theorem to the effect that a gen-
eral holomorphic foliation, say in P2, of degree d > 2 has no algebraic leaf [32],
we show that those foliations that do have, e.g., an invariant line, correspond to a
subvariety of codimension d — 1 and degree 3(d13) in a suitable PV,

The rest of these notes is dedicated to the study of the spaces of foliations having
certain invariant algebraic subvarieties. First we impose linear subspaces, and then
quadrics.

The general philosophy is to find a suitable complete parameter space for the
families of foliations satisfying some of the above conditions: bad singularity, or
invariant subvariety of a given type. Then, using techniques of intersection theory
we compute their dimension and degree. In the case of foliations with a degenerate
singularity (resp. with some invariant linear subspace) the construction of the
parameter space is very explicit. In fact, in the case of singularities, we describe
the parameter space as the image in the space of foliations of natural projective
bundles over P2. For invariant linear subspaces, we also get a projective bundle over
a Grassmannian. Actually, these bundles are projectivizations of vector bundles,
the characteristic classes of which we are able to determine.

The case of foliations having an invariant quadric turns out to be subtler and
hints at the difficulties to handle degrees higher than one. We make and do in-
voking the classical complete quadrics. In short, we blowup the projective space
parametrizing the family of quadrics along the locus corresponding to singular
quadrics. In this way we find a compactification of the space of foliations hav-
ing an invariant quadric, with enough information to compute its degree.

Next we survey the contents of each section.

In Section 1 we give, for the reader’s convenience, a brief introduction to intersec-
tion theory in projective spaces and Grassmannians. We define the Chow group of
a scheme and describe it for the case of projective bundles and Grassmannians. We
also review Fulton’s construction of Chern and Segre classes asociated to a vector
bundle. We list some of their properties that should help the reader to understand
the computations developed in the rest of this text.
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Section 2 contains the basic notions of holomorphic foliations of dimension one,
as well as of codimension one, in projective spaces. We give references to the
literature and definitions and results that will be needed in the sequel.

In Section 3 we find formulas for the dimension and degree of the space of
foliations of degree d in P? that have a degenerate singularity. In the first part we
find parameter spaces for foliations having a singularity of given order k > 2. In
the second part we study foliations with a dicritical singularity of order k.

Section 4 is dedicated to the study of foliations having some invariant algebraic
subvariety. In the first part we find parameter spaces for the variety of foliations in
P™ having an invariant linear subspace of given dimension. Using this description
we obtain formulas for its dimension and degree. In the second part we find a
compactification of the space of foliations having a smooth invariant conic in P2
In this way, we get formulas for its dimension and degree.

We include an appendix intended to be a glossary of basic concept and construc-
tions needed in the text, such as vector bundles, Cartier divisors, Grassmannians,
etc...

There are many natural generalizations of the material covered here. For in-
stance, we could impose flags of invariant subvarieties. Indeed, the general foliation
in P? that leaves invariant some plane does not need to leave any invariant curve
therein. So it makes sense to ask for the degree of the space of foliations that leave
invariant, say a flag plane D line, or plane D conic, ...

Another interesting direction is to study the imposition, say of a given class of
curves, to be contained in the scheme of singularities, cf. G.N. Costa, [8].

Extension to the case of higher order differential equations can be pursued fol-
lowing the ideas in M. Falla’s thesis, [15]. In Chapter 5 of [20], we find formulas for
the degree and codimension of the space of second order equations having a line as
solution.

Most of the matterial covered here is taken from my thesis [16], and was published
in [20], with my advisor Israel Vainsencher, cf. also [17], [18].

1. INTERSECTION THEORY IN GRASSMANNIANS

In this Section we introduce briefly the Chow group of a scheme. We define
Chern and Segre classes associated to a vector bundle, and discuss some of their
properties. We give an explicit description of the Chow groups of the projective
space P™ and the Grassmannian G(k, n), that is all we will need in the course. The
reference for this material is [21], [46].

All schemes are of finite type over a field, usually the complex numbers C. Variety
means reduced and irreducible (i.e., integral) scheme; likewise for subvarieties.

1.1. Cycles.

1.1.1. Definition. Let X be a scheme. The group of cycles of dimension k
of X 1is the free abelian group generated by the closed subvarieties of dimension k
in X. It will be denoted by Cx, X. The group of cycles is the graded group

¢.=Poax.
k
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By definition, each k—cycle ¢ € Cx X can be written in a unique way as a linear
combination with coefficients in Z,

C:ZnV'V,
%

where V runs in the collection of closed subvarieties of X of dimension k. Here, the
coefficient ny € Z is zero except for finitely many V’s.

Recall that if W C X is an irreducible component, then the local ring Ox y of
X along W is artinian. Therefore, its length [(Ox w) is finite. The fundamental
cycle of X is defined by

(1.1) [X] = ZZ(OX,W)W
w
where W runs over the set of irreducible components of X.

1.2. Rational equivalence. Let V be a variety and W C V a subvariety of codi-
mension one. Set A = Oy, the stalk of the structure sheaf Oy at W. Thus, if
U = Spec(R) C V is any affine open subset with non empty intersection with W,
the ring Oy, is just the localization R, where p is the prime ideal corresponding
to the subvariety W N U of U.

Denote by R(V) the field of rational functions on V.

1.2.1. Definition. Let r € R(V) be a non-zero rational function.
The order of r along a subvariety W C V' of codimension one is defined by the
formula
ordw (r) = I(A/(a)) — 1(A/(b))
where A = Oy,w, and r = a/b, with a,b € A. Here [(M) is the length of the module
M over A.

It can be shown that ordy (r) does not depend on the representation r = a/b,
and that it is furthermore additive:

ordw (rr') = ordw (r) + ordw (') Vr,r" € R(V)*.
1.2.2. Definition. The cycle of a rational function r € R(V)* is defined by

[r] = Zordw(r) W
W

where the sum extends over the collection of closed subvarieties of codimension one

of V.

One checks that the sum is finite, i.e., ordy (r) = 0 except for finitely many
W's.
1.2.3. Example. An obvious example is to consider the function f(t) =t™ in k[t].
If p € Al is a point, we have A = k[t](m,) = k[t](t—p). In these case A/({t") = 0
if p# 0 (because t is invertible in A) and A/(t") ~k Dkt ®--- D kt"1 if p=0.
Therefore

ordg(t™) = 1(A/{t")) =n

as expected.

The cycle of t™ is

[t"] = Zordp(t") -p=n.0.
P
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1.2.4. Definition. Let X be a scheme. The group of k-cycles rationally
equivalent to zero is the subgroup Ry X C CpX generated by the cycles of rational
functions of closed subvarieties of X of dimension k + 1.

The Chow group of X is the graded group,

AX =P AX =P aX/ReX
k k

Two cycles are said to be rationally equivalent to each other if they represent
the same class modulo R.X.

1.2.5. Remark.

If X is of pure dimension n, then A; X = 0 for + < 0 and for ¢ > n. Moreover,
A, X = C,X is the free abelian group generated by the irreducible components of
X. If X is a variety of dimension n, we have A4,X =C,X = Z.

1.2.6. Examples.

(1) Ap,—1A™ = 0, because any divisor in A™ is the zero locus of a polynomial
(i.e., a function in A™).

(2) ApA™ =0 for n > 0. In fact, if P € A™, we can choose a linear function r
on a line through P that vanishes exactly at P. Therefore [r] = [P], and
[P] € RoA™.

(3) AxA™ =0 for k < n, see Proposition (1.5.3,p. 43).

(4) Ap_1P™ = Z - h, the free abelian group generated by h, the class of a hy-
perplane. Indeed, let F; be a homogeneous polynomial of degree d and let
Z(Fy) be the corresponding hypersurface. Let [Z(Fy)] denote its funda-
mental cycle (1.1). Consider the rational function r := F;/F{ € R(P").
Then [r] = [Z(Fy)]—d-[Z(F1)], i.e., [Z(Fy)] ~ d-[Z(F1)]. Since h = [Z(F1)]
clearly is not torsion, A, _1P" is freely generated by h.

(5) In general, for 0 < k < n, AyP" = Z-[P¥], the free abelian group generated
by the class of a linear subspace of dimension k, see Proposition 1.5.3.

(6) Let X be a smooth projective curve. Then we have

CoX =Div(X) and AyX = Pic(X).

(7) If X has pure dimension n, an element of C,_1(X) is a Weil divisor, and
the quotient group A, _1(X) is the group of Weil divisor classes. In this
sense the Chow groups can be viewed as a generalization of Weil divisors
classes.

1.3. Direct Image. Given a morphism f : X — Y of schemes, we shall define a
natural homomorphism of groups f, : C.X — C.Y. Moreover, if f is proper then
f+«(R«X) C R.Y, thereby inducing a homomorphism A, X — A,Y.

1.3.1. Definition. A morphism f : X — Y is proper if it is separated and

universally closed, i.e., for all Z —'Y, the morphism induced by fiber product,
XxyZ—=2Z

takes closed sets to closed sets.

A scheme X is complete if the structural morphism X — Spec(C) is proper.

Properness corresponds to compact fibers in the classical topology, while com-
pleteness is the algebraic translation of compactness in the classical topology. For
another characterization and properties of proper morphism consult [31].
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We will use proper morphism in order to guarantee that the image of a variety
is a closed subset.

1.3.2. Definition. Let f : V — W be a dominant morphism of varieties. We
define the degree of [ as
- 0 if dimV > dim W
deg(f) = { [R(V): ROW)] if dimV = dim W
Observe that in the case dim V' = dim W, the function fields R(V) and R(W)
are finitely generated field extensions with the same transcendence degree over C.
Hence deg(f) is finite.
We can interpret the deg(f) as the degree of the covering or as the number of
points in a fiber of f.

1.3.3. Definition. Let p: X — Y be a proper map of schemes. Let V C X be a
closed subvariety and W := p(V'). Let f : V — W be the map induced by p. We
ut
g p«(V) =deg(f) - W € C.W.
We extend it by linearity to a homomorphism
Py : C X — C.Y,
called direct image of p.

1.3.4. Examples.

(1) If X is complete, then any morphism f : X — Y is proper. Examples of
complete varieties are P, G(k,n), and any projective bundle P(€) associ-
ated to a vector bundle £ over a complete base. See p.83

These are in fact the varieties which we will use in the text.

(2) Al is not complete. Indeed, the map p : A! — pt is not proper: consider
p:A? — Al p(x,y) = 2. Then p({zy = 1}) = A'\{0} that is not closed. In
this case there are no direct image map, because Ag(A!) = 0 — Ay(pt) = Z,
i.e. the class of a point is zero in Ag(A!) but non zero in Ag(pt).

(3) The same occurs for the inclusion A! — P'. This map is not proper, and
there are no direct image, because the class of a point is zero in Ag(Al)
but non zero in Ag(P!) = Z.

1.3.5. Theorem. Letp: X — Y be a proper map. Then the direct image map
px 1 C X — C.Y preserves rational equivalence, i.e, we have p,(R.X) C R.Y.

Proof. See [21, Theorem 1.4. p.11]. O

Using this result we can define the direct image of a morphism at the Chow
group level.

1.3.6. Definition. Let p: X — Y be a proper map. The direct image homo-
morphism is the induced homomorphism

ps s AX = ALY,

1.3.7. Definition. Let X be a complete scheme, and f : X — pt be the natural
proper map. For any 0—cycle o € Ao(X) we define the degree of o to be f.(a) €

Ao(pt) = Z. We write
deg(a) = / a.
X

The degree is the number of points counted with the appropriate multiplicity.
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1.3.8. Proposition. The direct images are functorial, i.e., if f : X — Y and
g:Y — Z are proper maps, then (go f)« = g« o f«. In particular, if p: X =Y is
a proper map of complete schemes, we have

/Xaz/yp*<a)7VozeAO(X>.

1.4. Inverse Image. Let f : X — Y be a flat morphism (cf. [31]). We shall
define a homomorphism f* : C,(Y) — C.(X) that preserves rational equivalence,
ie., f*(R«(Y)) C Ri(X), and therefore induces a homomorphism

I A(Y) = Ad(X).
1.4.1. Definition. Let V C Y be a subvariety. The inverse image cycle of V
under f is defined by

Fv=1tv)

The right hand side above is the fundamental cycle ((1.1,p.39)) of the closed sub-
scheme f~1(V) C X. We extend it by linearity to obtain a homomorphism

i C(Y) = Cu(X).

We say that f: X — Y is of relative dimension n if for each subvariety W of

Y, any component V of f~1(W) is of dimension

dimV =n+ dim W.

It is the case of any fibration, and these will be the morphisms that we will work
with in the text.

A flat morphism will be assumed to have relative dimension n for some n. We
register the following

1.4.2. Proposition. Let f: X — Y be a flat morphism of relative dimension n.
Then for each closed subscheme Z C'Y of pure dimension k, we have

121 =[f'2] inCiinX.
We list out the principal examples of flat morphisms that occur in this text.

1.4.3. Examples.
(1) Any open imbedding.
(2) The structure map of a vector bundle, or a projective bundle to its base.
(3) The projection X x Y — X where Y is a pure dimensional scheme.

Flat families (fibers of flat morphisms) are the adequate notion to work with
families of schemes, for example, for flat families of subschemes in P™ the fibers have
constant Hilbert polynomial (this mean that numerical invariants as dimension,
degree etc, are preserved)

1.4.4. Proposition. Let f : X — Y be a flat morphism of relative dimension
n. Then f* : CtY — CrpynX and f*(RyY) C RiynX. Therefore we obtain a
homomorphism

f* : .A;gY — .Ak+nX.
The inverse image is functorial. By this we mean that, if f : X - Y, andg:Y — Z
are flat morphisms of schemes, then

(gof)"=f"og"
Proof. See [21, Theorem 1.7, p. 19]. O
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The inverse image is compatible with proper direct images:

1.4.5. Proposition. Let be given a Cartesian diagram,

X xy Y/ ——x’ Ly

X——=Y
where f is flat of relative dimension n and g is proper. Then [’ (resp. ¢') is flat
of relative dimension n (resp. proper) and we have
gifl* = f*g* : Ckyl — Ck+nX

1.5. Excision. The following proposition is a very useful tool that allows us to
compute the Chow groups of A™ and P".

1.5.1. Proposition. Leti: Z — X, j:U — X the inclusion maps of a closed
subscheme Z and its complement U. Then we have the following exact sequence:

A Z 25 AX LS AU 0.
Proof. O
1.5.2. Lemma. Let X be a scheme and let p : X x A™ — X be the projection.

Then
prr AX — A (X x A™)

18 surjective.
Proof. See [21, Proposition 1.9, p. 22]. O
Using these two results we can compute the Chow groups of A™ and P".

1.5.3. Proposition.
(1) A,A™ =0 for alli #n, and A, A" =Z.
(2) A;P™ = Z[P?], the free group generated by the class of a dimension i sub-
space P' C P™ for all 0 < i < n.

Proof. We already know (1.2.6, p. 40) that A,A™ = Z and A,,_1A" = 0. Ifi < n—1,
by the lemma above we have a surjective map A;_,11A" — A;(Al x A"~1). But
Ai_pny1Al =0 for i < n — 1. This proves (1).

We prove (2) using induction and the excision sequence

AP — AP — 4;A™ = 0.

By induction A;P"~1 = Z[P]. Hence A;P" is generated by [P!]. It remains to

prove that m[P!] = 0 in A;P" implies m = 0. Suppose
m[P'] = " my[ry]

for some integers my and some rational functions r; € R(Vj), where V}’s are
subvarieties of P of dimension i+ 1. Set Z := |J Vi, then m[P’] = 0in A;Z. There
exists a finite map p: Z — P! (e.g., induced by a linear projection). We find

mp.[P'] = 0 in AP

which is torsion free. Hence m = 0 as desired. O
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1.5.4. Definition. Let a = Z?:o m; - [PY] be a cycle in P™. If my # 0 we define
the degree of a by the formula

deg(a) = my,.

1.6. Chern classes. In this section we define Chern classes associated to a vector
bundle £ over a scheme X (cf. Appendix A.1). These classes are constructed as
operators on the Chow groups A, X. See [21, Chapter 3].

1.6.1. Definition. Let X be a scheme, and £ a vector bundle over X of rank e.
The i—th Chern class of € is a homomorphism

CZ((‘:) N_: A X — A X

characterized by the following five properties:

(1) ¢o(€) =1 (= identity operator).
(2) (Naturality) If f : Y — X is a flat morphism, then

ffaE@)na)=c(f*E)N ffa

for all cycle o € A X and all i. Here f*E is the pull-back of € by f (cf.
Appendix A.1.3).
(3) (Whitney sum) If

0E& —€—E&">0

18 an exact sequence of vector bundles, then

(€)=Y c(€)es(E).

r4+s=1i

(4) (Normalization) If £ is a line bundle, and D is a Cartier divisor on X such
that Ox (D) ~ & (see Appendiz A.2), then

a (&) N[X] =[D].
(5) (Projection formula) If f : Y — X s a proper morphism, then
fela(f*E)Na) =c¢(E)N fia
foralla € AY.

1.6.2. Remarks. (1) Since A;(X) =0 for ¢ < 0, we see that ¢;(£) is nilpotent.
(2) It is a fundamental (and nontrivial) fact that if £,&" are vector bundles, then

the operators ¢;(€) and ¢;(€") commute.
(3) We will also see that ¢;(£) =0if i > e =1rk(E).

1.6.3. Definition. Let £ be a vector bundle over a scheme X.
The total Chern class of £ is

C(g) = 60(5) + 01(5) + -

By the above remark, we see that this sum is finite and ¢(£) =14 ¢1(€) + - -+
is an invertible element of the endomorphism ring of A, X.
We define the total Segre class of £ as the formal inverse of ¢(&),

s(E)=c(E) P =145(E)+ -
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1.6.4. Remark. Expanding s = 1+s;+---=1/(14¢1 +---) we find s; =
—c1, 82 = €3 — cg, ete. Bach s;(€) defines a homomorphism A, X — A_; X. It can
be proved that

si(€)Na=pi(ci(Oe(1) 7 Npra)
for a € A X, where e = rk(€) and p : P(£) — X is the projection (see Appendix
A3).

In fact the formula can be taken as the definition of Segre class.(cf. [21])
Recall the definition of degree of a cycle (Definition 1.5.4). We have that if
X C P is a subscheme of pure dimension k and degree d then

d = deg(h* N [X])

where h = ¢1(Opn (1)).
As an application of the definition and properties of Chern and Segre classes, we
shall prove a lemma that will be a very usefull tool in the sequel.

1.6.5. Lemma. Let V be a vector space of dimension N+1. Let £ be a subbundle
of the trivial bundle X x V over a variety X of dimension n. Consider P(E) the
projective bundle associated to £, and PN = P(V). Consider the following diagram:

P(€)
N
X PN

Let M C PN denote the image of qa. Suppose that qa is generically finite. Then
deg(q2)deg M = [ 5.() 1 ().

Proof. Set for short 6 = deg(g2). Hence ¢2.[P(E)] = §[M]. Now we have

deg M = [ 170101 = - [ HY 01 ga.[2(0)
Y S

where v = dim(IF’(E)) =dim M, H = ¢;(Op~ (1)), H = ¢1(Og(1)).
Set e = 1k(€). Thus v = e — 1 + n. Hence

/ 0 EE)] = [ a8 nglxD) = [s.€)n1x]
by Remark 1.6.4. The proof is complete. O

The following Lemma will be used repeatedly in order to prove the generic in-
jectivity of certain maps.

1.6.6. Lemma. In the situation of the previous lemma, in order to prove that
g2 1s generically one to one, it suffices to find a point [v] € M such that the fiber
a5 *([v]) consists of one reduced point.

Proof. If we prove the existence of such point [v], by the theorem on the dimension
of fibers (see [43, Chapter I §6.3]) there exists an open set U in M such that the fiber
over each point in U has dimension zero, (U # () because [v] € U). Therefore go is
generically finite. Shrinking U we may assume (i) U is affine, say with coordinate
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ring A and (ii) the restriction of gy over go 'U is finite (cf.[31, ex.11.2,p.280]).
It follows that g, 'U is affine, with coordinate ring B which is an A-module of
finite type. Now for each point u € U with corresponding maximal ideal m, C A,
the fiber go~'u = Spec(B/m,B) is finite and consists of dimc(B/m,B) points
counted with multiplicity. By semicontinuity, this vector space dimension attains a
minimum over an open subset. Since the fiber over y = [v] consists of one reduced
point, that mininum is precisely one and we are done. ([l

Notice that reducedness of go~*([v]) required above means that the tangent map
of ¢ is injective.

Chern classes and Segre classes of vector bundles can be effectively computed
with appropriate tools. The principal one is the splitting principle that we state in
the following proposition. This, together with the next lemma give us a handy way
to compute Chern classes.

1.6.7. Proposition. (The splitting principle) Let £ be a vector bundle over a
scheme X. Then there exists a flat map f : X' — X such that
(1) the induced homomorphism f* : A, X — A X' is injective.
(2) f*E admits a filtration by vector subbundles
E.=0C---C& CE=frE

whose successive quotients are line bundles, L; = £;,_1/&;.

Proof. See [21, §3.2.]. O

1.6.8. Lemma. Let £ be a vector bundle endowed with a filtration as in the
proposition above. Put \; = c1(L;) and define

01 = Zi >\’La
02 = Zi<j Ai}‘jv

¢ = )\1 T )\57
the elementary symmetric functions. Then we have

(&) =151+ XN;), that is,

oo for1<i<e
ci(€) _{ 0 fori>e.

Proof. See [21, Remark 3.2.3.p. 54.]. O

Using the splitting principle, we see that in order to show formulas involving
Chern classes we can suppose that the vector bundle £ has a filtration with line
bundle quotients. In fact, the Chern classes of £ are the same as of @ L;. The
classes \; = ¢1(L;) are the Chern roots of £. The Chern classes are the symmetric
elementary functions of the chern roots {\;}.

1.6.9. Proposition.

(1) Dual bundles. The Chern classes of the dual bundle EV are given by the
formula

ci(g\/) = (—1)261(5)
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(2) Twisted bundles. Suppose that L is a line bundle, and tk(E) = e, then
g & L Z Cl Ce z

O

The following proposition is the key to many interesting geometric applications
of Chern classes.

Let &€ be a vector bundle of rank e over a scheme X. We say a section s of £ - X
is regular at a point x € X if there is a local trivialization of £ around x such that
s is given by ($1,...,S.) where either some s; is a unit or the s; € Ox , form a
regular sequence. This means that s; is a nonzero divisor at the stalk Ox , and
each s; is a nonzero divisor in Ox 5 /(s1,...,8—1). We say s is regular if it is so at
each point. If X is a smooth variety, regularity of s is tantamount to requiring the
scheme of zeros Z(s) to be either empty or of the correct codimension e = rk €.

1.6.10. Proposition. Let £ be a vector bundle of rank e over a scheme X of pure
dimension n. Let s be a regular section of £. Then

ce(€) N [X] = [2(s)] in An_.X.

1.6.11. Example Let X be a vector field in P™ that defines a regular section of
TP™. Then Z(X) = scheme of singularities of X, is a finite set. To compute the
number of singularities we can use the proposition to obtain

/Cn(T]P’”) NP = /[Z(X)]~
We shall return to this in the next Section.

1.7. Some Chow groups. In this section we give explicit description of the Chow
groups of projective vector bundles (in particular for P*) and Grassmannians.

1.7.1. Proposition. Let £ be a vector bundle of rank e over a scheme X. Then
A (X)[H]
(He+c1(E)He 1+ + ce—1(E)H + ce(€))

where H = ¢1(Og(1)), see Appendix A.3.
In particular we have, for P* = P(Cn*1)

AP ~ Z[h]/(h"T1)

AP(E) ~

where h = ¢1(Opn (1)).

Proof. See [21, Ex.8.3.4,p. 141], [46, Ch. 10].. O

1.7.2. Proposition. Let G(k,n) the Grassmannian of k-planes of P™. We have
AG(k,n) ~ Z[a,b]/{asbs — 1)

where a = (a,...,ar), b= (b1,...,bn_k) are indeterminates, a, = 1+a1+---+ax,
by =1+b1+--+bp_p.
Proof. See [46, Ch. 10]. O

Exercise 1. Write explicitly the above relations for G(1, 3).
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2. HOLOMORPHIC FOLIATIONS IN PROJECTIVE SPACES

In this Section we introduce the basic notions of foliations of dimension one (re-
spectively, codimension one) in P". We review the definitions of degree, singularity,
order of a singularity and invariant subvarieties, in the way that will be used in the
text.

Throughout this work Sy will denote the vector space of homogeneous polyno-
mials of degree d in the (n + 1) homogeneous coordinates Zy, ..., Z,. We have

- d
Sy = Sym,C"*™: dim S, = ( —;n) .
We will identify
Sy = C™ ~ QC !
the vector space with basis
{dZy,...,dZ,}.
Similarly, we will identify
(2.1) Sy =cCmtt ~ et

the vector space with basis
0 0
07y 07,

2.1. Tangent and cotangent bundles of P". The tangent bundle of P" is de-
termined by the Euler exact sequence,

(2.2) 0 — Opn — Opn(1) @ C*"T — TP — 0.
The first map is
1= (Zo,...,Zn),
The second map is defined by
F = (Fy,...,F,) —dp,

where dp is the derivation dp(f/g) = ngg;Qgi (Fo, ..., Fy).

Dualizing the Euler sequence we have
(23) 0 — Q]Pm — O]Pm(—l) ® Cn+1 — O]Pm — 0

The rightmost map is given by (fo,...,fn) = Y fidZ; — >, fiZ;. Recall that
the sections of Opn(—1) over an open subset U C P" are given by fractions F/G
such that F,G are homogeneous polynomials of degrees deg F' = degG — 1 and G
has no zeros over U. Thus each f;Z; in the sum is of degree zero, i.e., a function.

2.2. Dimension one foliations.

2.2.1. Definition. A dimension one foliation in P™ is a nonzero global section
of TP" @ Opn (d — 1) for some d > 0 modulo non-zero complex multiples.

Let us denote
(2.4) Vima=H'(P", TP" ® Opn(d — 1))
and
F(1,n,d) =P(Vi,.q).

Then a dimension one foliation is an element X € F(1,n,d).
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Tensoring the Euler sequence by Opn (d — 1) we obtain
(2.5) 0 — Opn(d—1) = Opn(d) @ C" — TP"(d — 1) — 0.

Taking global sections in the last sequence and using that H!(P", Opn(d—1)) = 0
([31, Chapter III, Theorem 5.1]) we obtain the following exact sequence:

0— Sq_1 — Sq® SY — HO(P", TP™(d — 1)) — 0.

From this we deduce that a foliation is given in homogeneous coordinates by a
vector field

0 0
X=Fyee t o+ Fpyee,
9z, " T ez,
where F; are homogeneous polynomials of degree d, modulo multiples of the radial

vector field

0 0
R=Zy—+ -+ Z,=—.
9z, T oz,
We will denote by X an element in Sq ® SY, and X := X modulo Sq_; - R.

The Euler sequence gives us:
(26) Vl n,d =

From this it is clear that
d d—1
27)  Nina=dimViga—1=(n+ 1)( + ”) _ ( + ”) ~1

and
F(1,n,d) = PNind,

2.2.2. Definition. The degree of a foliation X € F(1,n,d) is d.

For a geometric interpretation of the degree, take a hyperplane H in P™. Define
T(X,H)={pe H|X(H)(p) =0},

the set of tangencies of X’ with H. For a generic H, it can be seen that 7 (X, H)
has codimension one in H and the degree of X is the degree of T (X, H) ([39,
Chapter II §3]).

In fact, if we take a hyperplane defined by the equation

H:=ayZo+ - +a,Z, =0
then 7 (X, H) is given in H by
X(H) :=aFo+ - +a,F,=0.
For H generic, the polynomial X(H) is not identically zero and has degree d.

Observe that in P? the set of tangencies of a degree d vector field X with a
generic line is finite and consists of d points.

Exercise 2. The goal is to deduce the local expression of a vector field, using the
Euler sequence. Let

9
X=Fy—d ot F
%9z, T Tz,

be a degree d vector field. Set
Uj = {[ZO : Zn] | Zj #O}:{(Zo,...,z}',...,zn) E(Cn}
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Prove that we have the follovving local expression for X on U;:

@8) Ay =Y egs = S (- ah) Zfz P
i#j i=1 v

i#]
where f; is the dehomogenization of F; with respect to Zj.

The notation U; for the canonical open set Z; # 0 will be used in all the text.

2.2.3. Definition. We say that p € P" is a singularity of X’ if p is a zero of the
section

X : O[pm — TIPn(d — 1)

Explicitly, using the local expression in (2.8), the singularities of X in U; are the
common zeros of {a; | i # j}. Alternatively, using homogeneous coordinates, the
singularities of X' are given by the ideal of 2 x 2—minors, Z; F; — Z; F; of the matrix
(f{)’ N ZZJTL ), cf.[14], i.e. the singularities are the points p where X'(p) has the same
direction that R(p).

Exercise 3. Using the FEuler sequence we can compute the number of singularities
of a generic vector field of degree d. The fact that X’ is generic implies that it has
isolated singularities (see [32]). By Proposition (1.6.10, p.47) we have:
H#Z(X) =, (TP*(d - 1)).
Prove that a dimension one foliation of degree d in P™ has
d"+d" et d+ 1

singularities (counting multiplicities). (Hint: use sequence (2.5, p. 49) and the prop-
erties of Chern classes.)

2.2.4. Definition. Order of a singularity.
Let p be a singularity of a vector field X. Suppose that p € U; and

- 0
XUj = Z a; 872;1
i=1

is the local expression of X in U;. Then the order (sometimes named algebraic
multiplicity) of the singularity p is

vp(X) = min{order,(a;) | i=1,...,n}.

As usual, the order ordery(a) of a polynomial @ at a point p means the order of
vanishing: min{s | 9°a/dz;(p) # 0, |I| = s}.

Exercise 4. Check that the order of a singularity is independent of the choice of
the open set U; such that p € Uj.

2.2.5. Definition. Invariant hypersurface.

Let Z C P™ be an irreducible hypersurface defined by a homogeneous polynomial
G of degree k, and X be a vector field of degree d. We say that Z is invariant by
X if

X(p) e T,Z

for all p € Z \ (Sing(Z) U Sing(X)).

If Z is reducible, we say that it is invariant by X" if and only if each irreducible
component of Z is invariant by X’
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Exercise 5.
(1) Prove that if G is irreducible, the above condition is equivalent to the
existence of a degree d — 1 homogeneuos polynomial H such that
dG(X) = X(G) = GH.

Hint: Use the Hilbert’s Nullstellensatz.
(2) Prove that this condition does not depend on the representative of X’ in
S ® Si/
Hint: By the Euler relation we have that R(G) =k - G.
(3) If G is reducible, and

G=Gp...ar

is a decomposition of G into irreducible factors, prove that X(G) = HG for
some H if and only if for all ¢ = 1,...,n we have X(G;) = H;G; for some
Hls.

2.2.6. Definition. Invariant algebraic subvariety.
If Z C P" is an algebraic subvariety defined by the ideal I; := (G, ...,G,) and
X is a vector field, we say that Z is invariant by X if

X(p)eT,Z
for all p € Z\ (Sing(Z) U Sing(X)).
Exercise 6. If I is saturated, this condition is equivalent to
dG;(X) = X(G;) € Iz foralli=1,...,r.

The hypothesis of the ideal to be saturated is necessary. For example Z(Zp) is
invariant by 8i21’ but %(Zozl) is not in the ideal (Z3, ZoZ1,. .., ZoZy).

2.3. Codimension one foliations. In this section we define codimension one fo-
liations in P™ (i.e., foliations defined by integrable one forms in P"). However, in
the text we only deal with codimension one foliations in P2, so we discuss this case
and the correspondence between vector fields and forms in P2. For further reading
see [38].

2.3.1. Definition. A projective one form of degree d in P" is given by a
global section of Qprn ® Opn(d + 2), for some d > 0.

As in the case of vector fields in P" we will deduce an expression in homogeneous
coordinates for a form in H(P", Qpn @ Opn (d + 2)).
Tensoring the (dual of the) Euler sequence (2.2) by Opn (d + 2) we obtain

(2.9) 0—)Qpn(d—|—2)—>(/)]pm(d—|—1)®sl—)Opn(d+2)—>0

Taking global sections, and using that H(P™, Qpx(d + 2)) = 0 we obtain the
following exact sequence:

0 — HO(P", Qpn(d+2)) — Sygi1 ®S1 - S0 — 0

where
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is the contraction by the radial vector field. Hence H°(P™,Qpn(d + 2)) is the
kernel of 1. It follows that a one form w € HO(P", Qpn (d 4 2)) can be written in
homogeneous coordinates as

w= ApdZy + -+ AndZ,
where the A;’s are homogeneous polynomials of degree d + 1 satisfying
AoZo+ -+ ApZ, =0.

Notice that a one form induces a distribution of codimension one subspaces of
TP™ given by p — Kerw,. However, this distribution is not necessarily integrable.
(A distribution is called integrable if there exists a smooth germ of hypersurface
U at p such that T,U = Kerw,, V¢ € U near p).

The condition to be integrable is expressed by Frobenius equation,

w A dw = 0.
For a geometric interpretation see [38] or [4].

2.3.2. Definition. A codimension one foliation is an integrable projective
one form modulo non zero complex multiples.

Denote
Vitma=H(P", Qpn(d + 2)).
A codimension one foliation is given by an element w of
F(?’L - 17 n, d) = P(an—l,n,d)
such that w A dw = 0.

2.3.3. Remark. The condition w A dw = 0 translates into a system of quadratic
equations in P(V;,—1 5,,4). They define the scheme of codimension one foliations of
degree d in P™. Very little is known about it. The problem of determining their
irreducible components remains a rather challenging field of research, cf. [38].

Next we explain the local expression of a projective one form.
Let U; denote the affine open set Z; # 0, with coordinates (zo,...,%j,...,2n).
The local expression of a one form

w = AgdZy + ArdZy + --- + AndZ,
on Uj is
wy; = agdzo + -+ -+ ajdz; + - + apdz,

where a; is the dehomogenization of A; with respect to Z;.

2.3.4. Definition. The degree of a codimension one foliation is d if it is
given by a one form in F(n — 1, n,d).

Geometrically, if w € F(n—1,n,d), the degree is the number of tangencies of the
distribution induced by w with a generic line in P”. For example, suppose that w
is given in Uy by

a1dzy + -+ + andz,
and take the parametrized line £ = (¢,0,...,0). Then the tangencies of w with ¢
are given by the zeros of wy; = a1(t,0,...,0)dt. In principle, a; has degree < d+1,
but the condition of contraction by the radial vector field gives us ag(t,0,...,0) =
—taq(t,0,...,0), so a1(t,0,...,0) has degree < d, and the number of points of
tangencies is d. For more detailed discussion see [38, Proposition 1.2.1 p. 21].
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2.3.5. Definition. The singularities of a projective one form w are the zeros of
the section

W O[Pm — Q]Pn (d + 2)

Locally, if we write w = a1dz; + - - - + andz,, the scheme of singularities of w is
defined by the ideal generated by aq,...,a,. As a set, it consists of the common
zeros of the a;.

Exercise 7. As in the case of vector fields, show that a generic one form has
isolated singularities. Using the sequence (2.9) and Proposition 1.6.10 show that
the the number of singularities of a generic one form is the degree of the zero-cycle
cn(Qpn (d + 2)). Prove that this number is given by

@+ 1" = (d+1)" e ()" (A1) -+ (D)™

2.3.6. Remark. In the case of integrable one forms, if n > 3 the set of singularities
is not a finite set. In fact [32, p.95] shows that there always exists a component of
the singular set that has codimension two.

2.3.7. Definition. (Order of a singularity.)
Let p be a singularity of w. Suppose that p € Uy and write

w=a1dz1 + -+ apdz,
for the local expression of w in Uy. Then the order of the singularity p is
vp(w) = min{ord,(a;) | i =1,...,n}.
It can be easily checked that this is independent of the choice of the open set U;.

Some authors use multiplicity of the singularity instead of order.
In what follows we restrict ourselves to the case n = 2.

2.3.8. Definition. (Dicritical singularity) Let w € H°(P?, Qp2(d+2)) and suppose
that p € P? is a singularity of w of order k. Let

wp = ardzr + brdy + h.o.t.
be a local expression of w around p = (0,0). We say p is dicritical of order £ if
arr + by =0
(see [39, p.47]). In the case k = 1, we say that p is a radial singularity.
Exercise 8. Prove that the dicriticity condition is equivalent to
wp = f(z,y)(yde — zdy) + h.o.t
for some homogeneous polynomial f of degree k — 1.

2.3.9. Definition. (Invariant hypersurface.)

Let W C P? be an irreducible hypersurface defined by a homogeneous polynomial
G of degree k, and F a foliation defined by a one form w. We say that W is
invariant by F if

TpoW C kerw,

for all p € W\ (Sing(W) U Sing(w)).

If W is reducible, we say that it is invariant by F if and only if each irreducible
component of W is invariant by F.
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If G is irreducible, the above condition is equivalent to the existence of a two-form
0 of degree d such that
dG ANw = GO.
See [32, p. 99].
2.3.10. Definition. (Points of tangency with a hypersurface.)
In the definition above, if W is not invariant, the two-form dG A w is not identi-

cally zero in W. The zeros of this form in W \ (Sing(W)) are the tangencies of
F with W.

2.4. Vector fields versus forms in P2. In P2, a foliation can be defined by a
vector field or by a one form.
In what follows we study one forms in P? and their relation with vector fields.

Exercise 9. Prove that all one forms in P? are automatically integrable i.e., if
w = AodZy + A1dZy + AxdZs
with homogeneous A; of same degree, then
trlw)=0 = wAdw=0.
Hence a foliation of degree d in P? can be given by a vector field
X € H'(P?, TP?(d — 1))
or by a one form
w € HY(P?, Qp2(d + 2)).
2.4.1. Remark. The reason behind this correspondence is the following. Recall
that if £ is a locally free sheaf of rank 2 we have a natural isomorphism
E~gVRAE.
See [31, exercise 5.16 p.127]. Taking & = Qp2 we obtain
Qp> ~ TP?(-3).
Thus Qp2(d + 2) ~ TP?(d — 1).
If a foliation in P2 is given by a vector field

0 0] 0
X=Fy—+F—+F—
“9Z, "oz oz,
and by a one form
W = AodZO + Alel + 142(1227
we may express the F!s in terms of the A’s and vice versa as follows.
Given X as above, the coefficients of w are expressed by
Ag = ZoFy — Z1 F,
Ay = ZoFy — Zy Fy,
A2 = Z1F0 — Z[)Fl.
Given w, the coefficients of the vector field X’ can be obtained from
dw = (d 4 2)(FodZy N dZy + F1dZo N dZy + FadZy N dZy)

This is a consequence of the acyclicity of the Koszul complex associated to the
regular sequence {Zy, Z1, Z2}. See [32, §1.5].
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Exercise 10. Prove that if w and X define the same foliation in P?, then in Uy we
have

wy, = a1dz + asdzy
and

0
Xy, = —as— + a1 —.
Yo @2 821 “ 82’2
This corresponds to the intuitive idea that the vector field and the form defining a

foliation are orthogonal to each other.

3. FOLIATIONS WITH DEGENERATE SINGULARITIES

If w € PV, (N = Nj4) defines a generic foliation of degree d in P2, its singu-
larities are all nondegenerate (see [32]); in particular, they have all order one. In
this Section we study foliations in P? that have a degenerate singularity.

The first type of degeneration we will consider is to ask the order of the singularity
to be some k > 2. The reader can easily check that, if wq,ws are one forms that
have order > k at a point p € P2, the same holds true for any linear combination
aiwi + asws, a; € C. Thus, for fixed p, the condition is linear on the space of one
forms.

This leads us to the correspondence Wy, C P? x PV defined by the pairs (p,w)
such that the order of w at p is > k. We define the locus M C PV of foliations
with a singularity of order at least k as the image po(Wy) C PV by the second
projection.

As expected from the previous discussion, Wy, is actually a projective subbundle
of P2 x PN over P2. More precisely, we have that W, = P(M}), the projectivization
of a vector bundle M}, over P2. We are able to determine its characteristic classes,
used to find the degree of My, .

In Section 3.2 we study the space Dy C My, of foliations that has a dicriti-
cal singularity of order k. Again, this is a closed condition, and we construct a
parametrization of that space. We find a vector subbundle D, C My, over P2,
such that the image by the second projection of P(Dy) is Dy. We determine the
characteristic classes of Dy, and with this at hand we can compute the degree of
Dg.

Requiring a leaf of a foliation to be tangent to a line at a given point defines a
hyperplane in PY¥. Thus, finding the degree of the loci D, C M, can be rephrased
loosely as calculating the number of foliations with a singularity of the chosen type
and further tangent to the appropriate number of flags (point, line) in P2. It turns
out that the degrees of Dy and M, are expressed as explicit polynomials in k, d.

3.1. Singularities of prescribed order. In order to simplify the notation we set
Vi=Viga=H'(P?, Qp2(d+2)) and N :=Njs4=dimV —1.

Fix k < d + 1. In this section we describe a parameter space M, C PV for the
locus of foliations of given degree d that have some singularity of order > k. In fact
we obtain a filtration of PV,

Md+1 C---CMgCMzCMlsz.
In Proposition (3.1.3, p. 57) we show that the codimension of My, in PV is
codMy = k(k+1)—2



56 VIVIANA FERRER

and
deg(My) = / ea(PF=1(Qpe (d + 2))) O [PY]

where P*~1(Qp2(d 4 2)) is the (k — 1)—jet bundle associated to Qp2(d + 2), (cf.
Appendix (A.1.4,p.81)).

Recall (Definition 2.3.7,p.53) that if w € HO(P?, Qpz(d + 2)), the order of a
singularity p € P? is

vp(w) := min{ordery(a), order,(b)},
where w, = adz + bdy is a local expression of w in a neighborhood of p with
z(p) = y(p) = 0.
Order one. Consider the map of fiber bundles over P?,
ev: PP XV — Qpa(d+2)

given by evaluation, ev(p,w) = (p,w(p)).
We claim that ev is surjective. In fact, it is sufficient to prove the surjectivity in
the fibers. For this suppose p = [0:0: 1] and let Adz + pdy € Q,(d + 2). Then

w = ZX ZoNdZy + ZopdZy — (Zoh + Zip)dZs) € HO (P2, Qpa(d + 2))
satisfies w(p) = Adx + udy.

3.1.1. Remark. The fact that Qpz(d+ 2) is generated by global sections can also
be proven with cohomological tools, cf. [32, Lemme 2.3.6, p. 90].

Set M := Ker(ev). Since ev is surjective, M is a subbundle of V' of rank
kM =dmV -2=N —1.
It fits into the following exact sequence

(3.1) 0=+ M-—P?xV — Qp(d+2) = 0.

3.1.2. Definition. The universal singular set is the projective bundle associ-
ated to M, i.e., the incidence variety:

P(M) = {(p, [w]) | p is singularity of [w]} C P? x PV,

Let us denote by p1,q the projections of P(M) in the first and second factor
respectively.
We have the diagram

P(M)
VN
P P

where ¢ is surjective (all foliations have singularities) and generically finite (a generic
foliation has isolated singularities) cf.[32].

We may compute the cardinality of a generic fiber of ¢ (i.e., deg(q)) as follows.
Observe that g, [P(M)] = deg(q)[P]. Write H := ¢;(Op~ (1)). Using properties of
Chern classes and degree we have

deg(q) = / 53(M) (1 [F2].
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The equality follows by Lemma (1.6.5, p. 45), recalling that k(M) = N —1. In this
way we retrieve the number of singularities of a general degree d foliation. Indeed,
by sequence (3.1) we have so(M) = co(Qp2(d + 2)). From the Euler sequence we
find

co(Qp2(d+2)) =d? +d+1.
Order k > 1. Recall the exact sequence (see Appendix (A.1.4,p.81)) for the jet
bundles of Qpz2(d + 2),
(3.2) 0 — Sym,, Qpz @ Qpz(d +2) — P™(pz(d +2)) — P (Qp2(d +2)) = 0
and the maps ev,, : P2 x V — P"(Qp2(d + 2)).

Exercise 11.

(1) Prove that ev, is surjective for all n < d+ 1.

(2) Prove that ev, (Ker(ev,—1)) = Sym,, Qpz @ Qp2(d + 2).
3.1.3. Proposition. For 1 <k <d+1, denote by

My, = {[w] € P | [w] has a singularity of order at least k}.
Then we have
codpy (M) = k(k+1) —2

and

deg(My) = / e (PF1 (Qp (d + 2))

P2
Proof. Define
My =Ker (evp—1 : P> x V — PE1(Qpa(d + 2))) .

In view of the previous exercise, we see that My is a vector subbundle of V of co-
rank equal to tk P~ (Qp2 (d+2)). By construction, the projective bundle associated
to My, is the incidence variety,

P(My) = {(p, [w]) € P* x PV | p is a singularity of [w] and v,(w) > k}.

Let ¢ : P(My) — P¥ denote the projection in the second factor. We have My =
A(P(My)).

It is easy to check that ¢ is generically injective (for k& > 1) (cf. Lemma 3.1.4
below). It follows from Lemma 1.6.5, p. 45 that

deg(My,) = /82(Mk) N [P?).

Since by definition of My, s2(My) = c2(PF~1(Qp2(d + 2))), the second assertion
follows. The first assertion follows from the exact sequence (A.1), p.81, and a
simple inductive argument. [

3.1.4. Lemma. For all 2 < k < d + 1 the projection q : P(M}) — PV is

generically injective.

Proof. By Lemma 1.6.6, p. 45, we shall find a form w of degree d + 1 such that

(i): it has a unique singularity p of order k and
(ii): dp,y)q is injective.
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Suppose that k& > 2. We claim that the following form fulfills (i) and (ii):
w=(Z§" WD gh=1 4 Zd=O=D) gkt gd o 74)(—72,dZy + ZodZy).

Indeed, write F' := ng(kfl)Z(’f*l + ng(kfl)fol + Z¢ + Z¢. In the chart Uy we
have

w= ("4t 42?4y (—ydx + zdy) = f - (—ydz + zdy) := adz + bdy.

Is clear that (0,0) is a singularity of order k. Suppose that (a,3) € Uy = C? is
another singularity. Then we have

fla, ) =a* L+t al+ 5 =0.

On the other hand, if the first jet of w at that point is zero we have

%(%ﬁ) = —ﬂ%(a,ﬂ) = —Ba" %k — 1+ da?*t) =0
%(a’@ = —ﬁ%(aaﬁ) = —pFL(k — 1+ dpi k) =0
%Wﬁ) = a%(aﬂ) =a" Mk —1+da’ 1) =0
@(0" B) = o (, B) = a2 (k — 1+ dpi*1) = 0.

Yoy

Suppose that o # 0. Then %(a, B8) = 0. If (o, B) is a singularity of order greater

than two, then
0%b 0% f

G5 (@.8) = a%t(@,8) = aF (k= (k= 2) + d(d = a1 =0

dy

- (k=1)(k—2)+d(d—1)ad*1) =0,

This, together with da?*+1 = —(k — 1) implies k —2— (d—1)=k—-1-d =0
i.e., k =d+ 1. It is easy to see that if £ = d + 1 the unique singularity of order
> 11is (0,0). Therefore a = 0, and similarly 5 = 0.

On the other charts, for example in Uy the expression of the form is

A4y + 14y )y,

It is easy to see that the singularities are of order less than two.
It remains to show that d(, .})q is injective. For this, we consider a vector
((p1,p2),0)) € Tip,juP(My), and we have to prove that § = 0 implies p; = py = 0.
The vector above is the tangent vector to a curve ([epy : eps : 1],w + €6) in
P(My) if and only if the point is a singularity of order > k (working in C[e]/{¢?)).
Suppose that J;(w + €6)(ep1,ep2) = 0 for all i < k — 1 (here J;(w) stands for
the part of order ¢ of w). It is easy to see that in this case, if 8 = 0, Jr—1(w +
e0)(ep1,ep2) = 0 implies
=0
k—1
=0.

k—1
{ —epo Fr—L (ep1, ep2)
—ep1 Zr—L (ep1. ep2)
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But 2L = (k—=D!4+d(d—1)---(d—k+2)z4=*+1). Hence the above equations

T
imply
epe(k—1)!'=0
i.e., p1 =p2 = 0.
For k = 2, the form
wi= (2025 + 2,287 + 23 + (= 20))(~ Z1dZ0 + ZodZy)
has the required properties.

O

Employing the proposition above, we may now derive an explicit formula for the
degree of M, C PV. We use SCHUBERT, [34] to do the computations, see the script
n [16]. We find

3.1.5. Corollary. The degree of My, is
1 1
k(k+1) (k> +k—1) (d® — (2k — 3)d) + Z(4k4 — 8k% — Tk* + 21k — 6)| .

O

3.2. Dicritical singularities. Recall that if w € H°(P? Qp2(d + 2)) and p is a
singularity of w, we say that p is dicritical if the local expression of w around p is
wp = apdzr + brdy + h.ot
with agz 4+ by = 0 (Definition 2.3.8,p.53). To have a dicritical singularity will
be shown to be a closed condition in PV. This will be rephrased shortly in a

coordinate-free manner.
In this section we describe the locus Dy of forms of given degree that have a

dicritical singularity of order k.
In Proposition (3.2.3,p.60) we obtain that the codimension of Dy, is

k(k+2)
and the degree of Dy, is given by the coefficient of the degree two part of
(P*1 (Qp2 (d + 2)))e(Symyp 1 Qp2 © Op2(d + 2)).
3.2.1. Remark. Next we explain an invariant way to express the condition that
a singularity is dicritical.
Suppose that £ is a vector bundle of rank 2. Then for all £ > 1 we have the
following exact sequence (e.g., see [13, Appendix 2 A2.6.1.]):

0 A E®Sym, & — Sym, £® € 7 Symy,,, € — 0,
where the first map is given by
(anb®c)— (ac®Db) — (be® a)
and the second by
a®b— ab.

Say x,y form a local basis for £&. Then for a,br € Sym,; &, we have that
apx + bpy = 0 in Symy , € if and only if there is some ¢ € Sym;_, £ such that
ar ® x + by ® y is equal to the image of x A y ® ¢, to wit, zc ® y — yc ® x. cf.
Exercise (8, p. 53).



60 VIVIANA FERRER

3.2.2. Lemma. For alll < k < d there exists a subbundle Dy, of the trivial bundle
P2 x V such that

P(Dy.) = {(p,[w]) | p is a dicritical singularity of [w] withv,(w) > k} C P? x PV,

Proof. From the previous section we have the following diagram,

Symk Qpz @ Qp2 (d + 2)

Jk |

PF(Qp2(d + 2))

€V i

My, 1% PF1(Qpa (d + 2)).

where the map Jj is surjective in view of Exercise 11.
We obtain the surjective map

My —2s Symy Qpe @ Qpa(d+2) —2> Symy,, Qpa(d +2).

Ty
Explicitly, on the fiber over p € P? the map is as follows:
Ti(p,w) = (p; axw + bry)
where
wp = ardzr + brdy + h.o.t.
is the local expression of w in a neighborhood of p with x(p) = y(p) = 0. Set

(3.3) Dy, := ker (M, L Symyyq Qp2(d +2))

Thus Dy, is a vector bundle of rank = rk(My) — (k + 2). Recalling (3.2.1, p. 59),
we see that the projective bundle associated to Dy, is the incidence variety,

P(Dy) = {(p, [w]) € P2 x PV | p is a dicritical singularity of [w] with v,(w) > k}.

(I
For 1 <k <d+ 1, denote by
Dy = {[w] € PV | [w] has a dicritical singularity of order at least k}.
3.2.3. Proposition. The degree of Dy, is the coefficient of the degree two part of
(PR (g (d + 2)))e(Symy 1 Vg © Opa (d +2).
The codimension of Dy is k(k + 2).
Proof. From the above construction we have the maps

P(Dy) C P2 x PN

7N

P2 Dy C PN
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If ¢ is generically injective the degree of Dy is computed as

/ 53(Dy) N [P

(see Lemma (1.6.5,p.45)). By construction Dy, fits into the following exact se-
quence,

0 — Dy — My — Symy, 1 Qp2 ® Op2(d +2) — 0.
Hence
S(’Dk) = s(/\/lk)c(SymkH Q]pz X OP? (d + 2)) R

and from the proof of Proposition 3.1.3 we have s(My) = c¢(P¥~1(Qp2(d + 2))).
On the other hand, rk(Dy) = rk(My) — (k + 2). Thus

codpnDy = codMy, + (k+2)=k(k+1)—24+ (k+2)=k(k+2).

It remains to prove that ¢ is generically injective, but this follows from the generic
injectivity of the projection P(Mj) — M. Indeed, let U C M}, denote the open set
where the fiber of P(M}) — M}, consists of just one reduced point. Now observe
that the examples constructed in Lemma (3.1.4,p. 57) are in U NDg. Hence U NDy
is a non empty open set over which the fibers of ¢ : P(Dy) — Dy consist of one
reduced point. O

We may now compute an explicit formula for the degree of D, C PV using
SCHUBERT, [34]. See the script in [16]. We find

3.2.4. Corollary. The degree of Dy, is given by

1 1
(k+1)? §(k4+k:2—2k:+2)—(k3+k2+k:—1)d+§(k2+2k+2)d2 .
O

3.2.5. Remarks. (i) We have by construction the following diagram:

2
Sym,,_ | Qp2® A Qp2(d + 2)

d’“ |

Dy My, — 2~ Sym,, Qpe @ Qpa(d + 2)

Symy, 41 Qp2 @ Opz(d + 2)

By definition of Dy we get a map

2
di : Dy, — Symk71 Qp2® A Qpz @ Ope (d + 2)

given in the fibers by di(p,w) = f(z,y)dz A dy where f is a polynomial of degree
k—1.

(ii) In the case k = 1 we have

w = Aydx — xdy) + h.o.t.
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with A € C, i.e., a radial singularity (see Definition (2.3.8,p.53)). Thus Corollary
3.2.4 and Proposition 3.2.3 give formulas for the codimension and degree of the
space of foliations with a radial singularity:

codpnDy = 3
{ degD; = 10d? — 8d + 4.
(iii) In the case k = d + 1 the map
Jar1 : Mayr = Symgy Qs @ Qp2(d + 2)

is no longer surjective: its image is Sym, Qp2® /2\ Qﬂl»z ® Opz2(d+2). Indeed, suppose
that w is a form of degree d + 1 which has p as singularity of order d + 1. Then a
local expression of w is

Wp = agy1dr + bgy1dy,
but this form defines a projective form of degree d + 1 in P? if and only if

ag+12T +bgr1y =0

i.e., if p is a dicritical singularity. Therefore we can write
wp = f(z,y)(yde — xdy)
2
for some homogeneous polynomial f of degree d, i.e., w, € Sym, Q;@ A (2117. Hence

JcH»l P:i+1
Td+1 N Md+1 —_— Symd_H QPQ ® Q]p2 (d + 2) —_— Symd+2 QPQ ® Oﬂm (d + 2)
is the zero map. This shows that Mg41 = Dgy1, i.e., for a foliation of degree d a
singularity of order d 4 1 is automatically dicritical.

4. FOLIATIONS WITH INVARIANT ALGEBRAIC SUBVARIETIES

Jouanoulou shows in [32] that the set of foliations that do not have any invariant
algebraic curve is dense in the ordinary topology in the variety that parametrizes
foliations of degree d > 2 in P2. In [37] Lins-Neto proves that this set contains
an open and dense subset. Finally, in [9] Coutinho and Pereira show that in a
smooth complex projective variety of dimension grater or equal to two, a generic
foliation of dimension one and sufficiently ample cotangent bundle (in the case of
P™ this means degree big enough) has no invariant algebraic subvarieties of positive
dimension. In fact the result of Jouanoulou (Coutinho and Pereira respectively)
states that the set Uy of dimension one foliations in P? (P" respectively) without
algebraic solution of degree k is an open set in the Zariski topology. We then ask
for the complementary of the open set Uy. i.e., we want to study the subset of the
space of foliations of dimension one and degree d > 2 in P” that has an algebraic
solution of fixed degree and dimension.

To be more precise, we fix some type of positive dimensional subvarieties in
P™. By this we mean an irreducible family of subvarieties, say hypersurfaces in
P™ of given degree. It turns out that the subset of the space of one dimensional
foliations of sufficiently high fixed degree that do have an invariant subvariety of
a given “type” is irreducible. We would like to determine its codimension and
degree. For this, we try to find an adequate description of these subvarieties in
the spirit of the previous Section, namely, as the birrational image of projective
bundles associated to vector bundles over the variety that parameterizes the desired
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invariant subvarieties, e.g. Grassmannians for linear spaces, “complete conics” for
conics.

Heuristically, requiring a fixed subvariety to be invariant by a foliation amounts
to imposing linear conditions on the coefficients of a vector field defining the folia-
tion. It is reasonable to expect that the number of independent conditions remains
fixed as the subvariety varies in a suitable open subset of its parameter space. This
is clearly the case if the type of subvariety we wish to be invariant consists of a sin-
gle orbit under the group of automorphism of P”. For instance, imposing a linear
subspace of fixed dimension does produce a nice projective bundle over the cor-
responding Grassmannian. However, already for hypersurfaces of any degree > 2,
the number of independent conditions jumps in the presence of singularities of the
variety.

This question, in full generality, seems to be complicated. In this Section we
solve the problem of describing foliations that have invariant subsets of degree 1 in
P” and of degree 2 in P2.

In the first Subsection we find a parameter space for foliations with linear in-
variant subset of any fixed dimension in P".

In Subsection two, we deal with the problem of foliations in P? with an invariant
conic. With the same techniques it is possible to describe the space of foliations with
invariant quadrics in P"”. We will give the formulas for the degree and codimension
of the space of foliations with invariant conic (respectively, quadric) in P? in the
last part of this Subsection.

4.1. Foliations with invariant linear subspaces. Fix 1 < r < n. Set for short
(1) { N :=Nia, Vi=Vigacf(2.7,2.4,p.48)
G := G(r,n), the Grassmannian of r-dimensional subspaces of P".
Assume d > 2; for the cases d = 0,1 see Exercise (13,p.67). We define
W= {(W,[X)]) € G x PV | Wis invariant by X'}.
The goal of this subsection is to prove the following

4.1.1. Proposition. Notation as above, there exists a vector subbundle

ECGxV
such that
(i) P(E)=WcCGxPV;
(ii) if we set W := q(P(£)), where q : P(£) — PV is the projection, then the
codimension of W in PV s
codpnW = (n — r)((r —cil_ d> —(r+1));
(iii) and the degree of W is given by the top-dimensional Chern class,
degW = [ ¢y( Q@ Symy(8V)) N [E),
where g :== dimG.

The image W of W in PV via projection is the set of dimension one degree d
foliations in P™ that have an invariant r-plane.
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Proof. Consider the tautological sequence over G (A.7,p.84) and take its dual
sequence

(4.2) 09" —=GxS =8 —0.

The fiber of QY over W € G is the space of equations that define W. The map
G x S; — 8V induces a surjective map

G x Sg — Symy,(SY).

On the fiber over W € G it is the map of restriction of degree d polynomials to W.
On the other hand, from the tautological sequence,

0-8S—-GxS/—Q—0,
setting A = Sy, using (2.1), p. 48, we can interpret the surjective map
SY — Qw
as the quotient of 7C™+! by TA. Tensoring these two maps we obtain a surjective
map of vector bundles over G, ¢ : Sq® Sy — Sym,(SY)® Q, which in the fiber over
W is given by ow (F ® X) = Fjw ® X. It is easy to see that ¢(Sg—1 - R) = 0 (the
radial field restricted to A is the radial field in A). Hence we obtain a surjective
map of vector bundles, ¢ : G x V — Sym,(SY) ® Q. It’s not hard to check that the
following are equivalent:
Yw(X) =0
X‘A eTA
A is invariant by X
o W =P(A) is invariant by X.
Therefore £ := Ker(1)) is a subbundle of V with P(€) = W. This proves (i). We
also get the rank of £ is dimV — (n—1r) (d"gr). Assertions (ii) and (iii) will be dealt
with below. O

4.1.2. The degree of W. In order to compute the degree of W it remains to
prove that ¢ is generically injective, and then apply Lemma (1.6.5, p. 45).

4.1.3. Lemma. Notation as in Prop.(4.1.1,p.63), for d > 1, the projection
q: W = PN is generically injective.

—

Proof. Recall that W = ¢(W). It’s sufficient to prove that there exists an open set
U; C W such that for each point y € Uy, ¢~ !(y) consists of just one point. Indeed,
in this case we deduce that dim W = dim W. Since W (resp. W) are smooth (resp.
generically smooth) varieties we have that
dq : TW — TW

is generically of maximal rank, i.e., there exists an open set Uy C W such that
if y € Uy, and = € ¢ *(y), then d,q is surjective, equivalently d,q is injective.
Summarizing we find an open set U := U;NUy such that if y € U then ¢~ (y) = {z},
and z is a reduced point in the fiber. It follows that ¢ is generically injective
cf. (1.6.6,p. 45).

Let’s prove the existence of U; above. For W € G, set Wy C W the set of
foliations which leave W invariant. For each W’ # W define Wy := Wy "Wy
and

Wy :={X eW| X € Wy for someW # W'}
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We claim that dim Wy < dim W. Indeed, define
Gy i= (W, W) € G x G | W £ W'},
Wo = {(X, (W, W) | X € Wypywr; (W, W) € Ga}.
For each 1 < s < min{r,n —r} set
Gos = {(W, W) €GxG |cod( WNW')=n—r+ s},
Was = {(X, (W, W) | X € Wyrwr; (W, W) € Gas}.
Let p: WQS — W c PV denote the projection. Then we have, for each s

WZS
/ X
2s W

It is easy to see that dim G5 = r(n — 1) + s(r —s) = m+ s(r — s). Furthermore
each Wy, — (o4 is a fibration with fiber dimension equal to dim Wy, . We claim
that

d

In fact, suppose that W = Z(Zy,...,Z,—r—1). Then W is invariant by a field of
degree d,

d

0 0
X = Fy—2 F,—2
9z, " T oz,
if and only if
(43) Fo,....Fh_r 1 € <Z0,...,Zn,7,,1>.

Take W' such that cod(W N W’') = n —r + s. Acting with the stabilizer of
W in PGL,4+1 we can suppose that W = Z(Z;,,...,Z;, _ ), with W NW =
Z(Ziy, ..., Z;,) where i1,...,is € {0,...,n —r — 1}. Now the condition of W’ to
be invariant by X implies that, for each 7 = 1,...,s we have

Fij € <Zila e '7Zin_r>'

These conditions are independent of the others in (4.3). On the other hand it is
easy to count the new conditions imposed by F;, € (Z;,,...,Z;,_,): this number

is (T‘gd). So we have that codw,, Wyw: > s (T‘gd). This proves the claim.
Next, let € denote the dimension of the generic fiber of ¢ and €5 the dimension
of the generic fiber of p. It is clear that e; > €. Hence

diszs dimwg,s — €2
m+ s(r—s) + dim Wy, — s(rzd) —€
dim W + s(r — s) — s("H).

Therefore, in order to prove that dim Wy < dim W it is enough to prove that
d

(4.4) s(r—s)—s(r—g ) < 0.

As s > 1 we have (r —s) < (r —1) < (r +1). On the other hand, we have

(r+d)---(r+2)(r+1) (d—|—1) 3(r+1)
d! (r + )>d!(r—s).

IIA

IV IV
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This proves (4.4). Now, define Uy := W \ Wy. Clearly U; is an open dense subset
of W such that if X € U; then #¢~1(X) = 1. O

We can now complete the proof of (ii) and (iii) of the Prop. (4.1.1,p.63). By
construction of £ (cf. p.63) we have the following diagram:

PE) = W
N
G W
and we have proved that ¢ is generically injective. Therefore
codpvW =N —dim(P(£)) =N — (g +1k(&) — 1) =

v (g0 ("5 ) -0 (T -

where g = dimG = (n — r)(r + 1).
By Lemma (1.6.5,p.45) the degree of W is equal to
[sEnel
From the exact sequence that defines &,
0—=E&—=V = Q®Symy(SY) -0
we get
[ss€1ni61= [e@esms)nE).
(]

4.1.4. Examples Next we give explicitly some codimensions and degrees. We use
a script for SCHUBERT, [34] (see [16]) for the computations.

(P2, r=1)
codpnW =d —1

deg W = éd(d%— D(d+2)(d+3)

codpnW = 2(d — 1)
1
cgW = —d(d + 2)(d + 1)(3d® + 9d* + 11d3 + 94> — 11d + 15
deg W 36dd d d® + 9d* d® + 9d* d
(P2, r =2)
1
codpn W = §(d+ 4)(d—-1)

deg W = 6—14d(d +3)(d +2)(d+ 1)(d* + 6d + 11)(d* + 6d°* + 11d — 6)
(P, r=1)
codpn W =3(d — 1)
deg W = rd—zd(d + 2)(d + 1) [729d° + 2187d® + 3402d" + 3750d° — 279d°+
651d* — 2668d° + 9732d* — 8864d + 6720] .
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Exercise 12. In the case of a hyperplane in P*, 1k(Q) = 1,(Q = Opn (1)) we have the
following exact sequence:

0— Si1® QY — Sqg — Symy(SY) — 0.
Twisting by Q we obtain:
0= Sq—1—Sa®Q — Symy(SY)®Q — 0.

d+n

Use this to prove that ¢, (Sym,(SY) ® Q) = ¢, (S4 ® Q) = (( n ))

Exercise 13. In this exercise we review the case of foliations of degree 0.
Prove that a degree 0 foliation given by a field

0 0 15}
X = N AT "
Moz TMez T Tz,
with A; € C, is radial with center p:=[Ao: A1 : -+ : Ayl

It follows that any line trough p is invariant. Therefore in this case the map ¢ is infinity
to one.

In the case of foliations of degree 1 the well known correspondence between the
set of such foliations, and the space of (n+1) X (n+1) matrices of trace zero (see [32,
p.9]), shows that a generic foliation of degree 1 has (:Ll) invariant subspaces of
dimension r.

A degree one foliation is given by a field

0 0 0
X:FOTZO +F18721+"'+Fn@
where F; is a homogeneous polynomial of degree 1 for all i =0, ..., n.
Let us write F; = 3 j a;;Z;. Then we associate to X the matrix of coefficients
B := ((as))i,; (this matrix will have trace zero because we are taking X of diver-
gence zero, to ensure uniqueness).

Exercise 14. Prove that the invariant subspaces of dimension r are in correspondence
with the dimension n — r invariant subspaces of the transpose B.

Since a generic matrix is diagonalizable, the invariant subspaces of dimension n —r are
generated by n—r eigenvectors. Therefore, a generic matrix has (Zfi) invariant subspaces.

Obtain this result from the previous analysis, as follows. In this case the map ¢ from
(4.1.3, p. 64) is not generically injective but only finite. It follows from (1.6.5, p.45), that
the degree of q is ¢g(Q ® §Y). Now Q ® S¥ = TG, the tangent bundle to the Grass-
mannian, (see [21, B.5.8. p.435]). Thus ¢4(7G) can be computed with Bott’s formula
cf. Theorem (A.7.1,p.87). We just have to find the number of fixed points for a convenient
action of C* on G. For a suitable choice of the weights of the action we will find that there
is one fixed point in each of the (ZJ_FT{) canonical open sets of G. Alternatively, we could
argue invoking Pliicker embedding.

4.2. Foliations with invariant conic. We set throughout this section N = Ny 2 4,
V= Vl’g’d (Cf (2.7, 2.4, p. 48))

4.2.1. Foliations in P? with invariant conic. In this section we find a
compactification Yy C PV of the space of foliations of degree d > 2 in P? that have
an invariant smooth conic.

Let Y be a parameter space for the family of smooth conics. As we did in the
previous sections, we want to describe the incidence variety

Y := {(C, X) | Cis invariant by XY } C Y x PV
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as the projective bundle associated to a subbundle £ of the trivial bundle Y x V. If
we obtain such description the image of the projection gy : P(€) — PV will be the
parameter space for foliations with an invariant conic. But this construction has
the drawback that the space of smooth conics is not complete, whereas in order to
compute degrees we need vector bundles over complete basis.

Thus we have to compactify the space of smooth conics, for example, allowing sin-
gular conics too. The most natural parameter space for conics is P° cf. (A.6, p. 86),
so we try and use it. But as we will see, when we go on to examine the fibers of Y
over IP°, the singular conics cause problems: the dimensions jump.

What we are going to do to solve this problem is to blowup P° along an appro-
priate subvariety. We will obtain a variety B, a birrational map 7 : B — P5 and
a projective bundle P(£) over B such that it coincides with Y over the open set
of smooth conics. Fortunately B is a well known variety, the variety of “complete
conics” [47].

The construction of £ will not be explicit, so in order to compute the degree of
Ys we will use Bott’s formula (cf. Appendix (A.7,p.87)). The point is that we
only have to know the weights appearing in a decomposition of the fibers of £ over
fixed points of an adequate action of C* on B, and we will be able to describe these
fibers as limits of the fibers over smooth conics.

Finally we present a script for SINGULAR, [27] that implements the calculation
of the degree of Yy .

In Proposition 4.2.13 we find the codimension

codpnYy =2(d —1)

and its degree,

1
degYyq = ———(d—1)d(d+ 1) (d" + 25d° + 231d° + 795d*
+ 1856d° + 2468d? + 2256d + 768).
4.2.2. The invariance condition for one conic. Fix a generic conic C = Z(P)
and let X € V be a field given by
0 0 0
X=Fy—+Fi— + Fr—.
9z, " oz, T oz,
Recalling (2.2.5,p.50), C is invariant by X if and only if there exists a homoge-
neous polynomial G € S3_1 such that
oP oP OP
X(P)=Fy— +F—+F,— =GP.
P)i=Fogz * haz g,
Exercise 15. Prove that C = Z(P) is invariant by X if and only if there exists a unique
representative Y € Sy ® SY of X with Y (P) = 0.
Therefore, for a fixed conic C = Z(P) we may define the linear map
wp:Sg®SY —  Sin
X —  X(P).
Observe that ¢p(GR) = 2GP for all G € Sy—1. Thus ¢p induces a linear map
Sa+1
P-Si 1
Moreover, X € Keryp if and only if C is invariant by X.

Yp:V —
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These two maps maps fit into the following commutative diagram:

Kerpp — Keryp

L

Sy 1R ——= Sy ® SY 1%

s
P-Sq 4 Sa+1 Pe

Hence, by the snake lemma we have an isomorphism
Kerpp ~ Keryp.

4.2.3. The incidence variety. Now, let C vary in the parameter space of conics,
P°. Consider the map of vector bundles over P°:

(4.5) @:0ps(—1)® Sy ® Slv — Sat1
given by ¢(C, (P, X)) = (C, X(P)). As observed above, ¢ induces a map
Sd+1

0 (1)) QV — —— —————
1/) P ( ) Sd—l ®O]P’5(_1)

Again this map fits into the following commutative diagram:

Kerp = Kery

Ops(—1) @ Sg_1R——= Ops (—1) @ Sg ® S ——= Ops(—1) @V
~ itp iw

Ops(—1) ® Sq—1 Sa+1 OPS(ET;‘éSd—l .

Twisting by Ops(1) we obtain:

(4.6) o = 6
Si—1 R Sq® Si/ \%4
Sa—1 Ops (1) @ Sat1 S gflsdﬂ
where

O := Ops (1) @ Kerp >~ O := Ops (1) @ Kertp.
Restricting over the open subset U C P® of smooth conics, we see that
P(Oy) C P° x PV
is the incidence variety

{(C,X)| C is invariant by X } ¢ U x PV,
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But as we will see soon, © is not a vector bundle. In fact its fibers have different
dimensions depending on the singularities of the conic.

The isomorphism © ~ O is very usefull, because to describe the jumps in the
dimension of the fibers of © will be easier.

4.2.4. O is not a vector bundle. Let us see why Imy (and consequently O) is
not a vector bundle.

Exercise 16. Recall that if
x=r2 +r2 +n 2 cs0s)
T %9z oz, T TP0zy Tt
and C = Z(P) then
oP oP oP
C,(PX)=XP)=Fyz+Fi— +Fo-—.
PACPX)=X(P) =R O+ R D R
Show that X (P) vanishes at the singularities of C, and the dimension of the fibers of Im¢
depends on the rank of the conic:
(1) If C is smooth (rkC = 3) then rk pp = dim Sg41 = (d;’?’)
Use that in this case C is projectively equivalent to Z(P) with
P=275+ 77+ 7Z3.
(2) If C is the union of two lines (rkC = 2), then rkpp = dim Sg41 — 1. In this case
C is projectively equivalent to Z(P) with P = ZyZ;.
(3) IfC is a double line (tkC = 1) then rk pp = dim Sy = (*}?). Now C is projectively
equivalent to Z(P) with P = Z3.
4.2.5. The blow-up. Let r = (df) denote the minimal rank of ¢, and denote by
Y, the scheme defined by the Fitting ideal of ¢, generated by the (r+ 1) x (r + 1)-
minors of a local representation of ¢, cf. (4.5).

The analysis of the dimensions of the fibers above shows that Y,. coincides with
the Veronese variety V of double lines (cf. Appendix (A.6,p.86)), at least as sets.
We are going to blowup P° along V and prove in Lemma 4.2.6 below that this solves
our problem.

Let B denote the blowup of P° along V, and 7 : B — P° the map of blowup (see
Appendix A.5, p.84 and A.6).

Consider the pullback by 7 of the maps ¢ and v

op T (Ops (—1) @ Sy @ SY) — 7*Sq11

S
Yp 7 (Ops (1) @ V) — W*(Sd—w®d—5[1p>5(—1)).

The following lemma describes the effect of the blowup in the minors of ¢p. This
result together with Lemma 4.2.8 will be used to prove that blowing up P° along
V we obtain a vector bundle.

4.2.6. Lemma. The k x k minors of wp are locally principal for all k > 1.

Proof. Let @o : Ops(—1) ® SY — S be the universal symmetric map that gives
the matrix of the conic. We are blowing-up the ideal of 2 x 2-minors of g, so we
have that the minors of pgp are locally principal, say generated by ¢. Thus we can
assume that the matrix is locally of the form

100
A= 0t as
0 a4 as
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with ideal of 2 x 2-minors (¢, a4, a5). So t divides a4, as. Performing elementary
operations we can assume that the matrix assumes the form

A= (é? 8) :
00ts
Let us analyze the map ¢p at the conic corresponding to A, i.e.,
e 1 Sg® SY — Sq1
where C = Z(Z2 +tZ} +tsZ3).

Set vy, == dim S, = (mg'g). Choose a basis for Sy ® SY as follows:

take the first v4y1 vectors as

0
(vq vectors) a basis of Sy ® 87Z0;
0
(d + 1 vectors) a basis of Sym,(Z1,72) ® 37
1
(1 vector) Zdi
207y
Next take
(v4—1 vectors) a basis of ZyS -1 ® 8iZl;
S, 0
(vg — 1 vectors) a basis of C. ng ® 9z
Now we pick the following basis for Sgy1:
(vq vectors) a basis of ZySy;
(d + 1 vectors) a basis of Zy Sym,(Z1, Z2);

(1 vector) zg+L
Then the matrix of ¢¢ in this basis looks like
21, 0 0 By B3
Ag = 0 2tlyy; 0 0 By
0 0 2ts 0 O

where the entries of B; are multiples of ¢, and the entries of B3, B, are multiples
of ts. Here I,,, stands for the identity matrix of size m.
From this we conclude that the ideals J; of i x i-minors of A4 are:

Ji = (1) for i=1,...,u4
Jogtj = (t9) for j=1,...,d+1
Jl/d,+1 = <td+2s>'
In particular these minors are principal as we claimed. (Il

4.2.7. Construction of £. Next, we are going to construct a vector subbundle
E C B x V over B which coincides with 7*© over the open set of smooth conics.

First we prove a technical lemma.

4.2.8. Lemma. Let R be a local Noetherian domain, and ¢ : R* — R™ a
homomorphism of free, finitely generated R-modules. Suppose that the ideals (k X
k minors of @) are principal for all k. Then M :=Imy is free.
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@11 - Qin
aAm1 ** Amn

be the m x n matrix associated to ¢ with respect to some basis. Thus, the columns
of A generate M. By hypothesis for k = 1, the ideal of the entries of A is principal:

Proof. Let

<a11,...,aij,...,amn> = <f>
We may assume f # 0. Let b;; := a}j. We may suppose a1; = f. Let M’ be the

module generated by the columns of

Equivalently (by elementary operations) M’ is generated by the columns of (§ 5 ),

where
baz -+ bam
B/ — .. .
bz - bomn

Applying induction, we have that ImB’ is free. Thus M’ is free. Since R is a
domain we have M = f - M’ ~ M’. Hence M is free. O

4.2.9. Proposition. There exists a vector bundle £ over B such that:

(1) € is a subbundle of the trivial bundle 7"V .
(2) & coincides generically with 7*© ~ 10 (cf. 4.6, p. 69).

Proof. By Lemma 4.2.6 and the above Lemma we deduce that M := Imeygp is locally
free. Therefore we obtain a factorization of pp =10 @,

(4.7) T (Ops (—1) @ Sq ® 8Y) —2> 1S40

M,

where M is a vector bundle.
Observe that 7*(Ops (—1) ® Sq—1) = ¢p(7*(Ops(—1) ® Sq_1R)) C M. Therefore

this factorization induces a factorization of g =7 o ¥,

™ (Ops (1) @ V) ——> 7 (0P5(_1d)+@19 S

=
E—
~I

M

where M = is a vector bundle. Define
7 (Ops (1) ® Sa-1)

£ =1 Ops (1) ® Ker).

It follows that € is a subbundle of B x V that coincides with 7*© over 7—(U),
where U C P5 is the open set of smooth conics. Indeed, over 7=1(U) the map
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t: M — 7*S441 as in (4.7) is an isomorphism. Therefore
Sa+1
Ops (—1) ® Sq—1

and Kery) = Keryg and likewise £ ~ 7*(Ops (1)) @ Keryyg = 7% (0), all over 71 (U).
(I

M~ 7*(

4.2.10. A parameter space for foliations with invariant conic. Since £ C
B x V is locally split, taking the projectivization yields the following diagram:

EYC B x PN

/\

Define Y4 := ¢(P(£)) € PN. We have that Y, is the closure of the variety of
foliations with an invariant smooth conic.

In Lemma 4.2.12 below we prove that ¢ is generically injective. Therefore in
order to compute deg Y, it is sufficient to calculate s5(€) (see Lemmas 1.6.5 and
1.6.6, p. 45).

4.2.11. The degree of Y.
4.2.12. Lemma. The projection q : P(€) — PN is generically injective.

Proof. By Lemma (1.6.6,p.45) it is sufficient to find, for d > 2, a degree d vector
field X with a single invariant conic C and such that C is a reduced point in the
fiber ¢~ 1(X) (equivalently, such that d(c,x)q is injective).
For d = 2 we claim that
X = (2220 — Z3)0Zy — (ZoZy — Z3)0Zy + (Z1 2o — Z2)0Zs

and C = Z(P) with P = Z2 — Z% + Z2 = 0 do the job.

In fact, X(P) = 0. Now, if C’ is another conic invariant by X, say ¢’ = Z(Q)
with Q = a()Zg + a1Z()Z1 + -4 a5222 then there exists H = b(]Z(] + b121 + bQZQ
such that X'(Q) = HQ. This equality provides a system of linear equations from
which we can eliminate bg,b1,be (we use SINGULAR, [27], see [16]) to find that
ag—as =a1 =as =az+as =a4 =0. Thus Q = P.

To prove that d(c x)q is injective take for example a tangent vector

(12021 + asZoZs + a3 Z7 + asZ1Z> + a5 Z3,v) = (m,v) € T(p.x)P(E).
We have to prove that v = 0 implies a; =0, Vi=1,...,5. Now
(m,v) € TpayP(E) & (P +em, X + E’U) € P(&)(Cle)).
This means that modulo €2 we have
(X +ev)(P+em)=(P+em)h
for some h = hy + ehgy, where hy, ho are polynomials of degree one. Thus,
X(P)+¢e(X(m)+v(P)) = (P +em)h
but X(P) = 0 so we have
e(X(m) +v(P)) = hi P +e(him + hoP).
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Therefore h; = 0 and the condition now reads
So if v = 0 this implies X' (m) = haP. Performing a simple elimination (e.g., using
SINGULAR, [27], see [16]) of coefficients of hy we obtain all a; = 0.

For d = 3 take

X = (2320 — Z3)0Zy + (Zo 23 — Z3)0Z1 + (2125 — Z3 Z9)0Z
As above we can prove that X has C = Z(Z2 + Z7 + Z?) as unique invariant
conic and check that C is a reduced point in ¢~ (X) (see [16]).
For d > 4 we will construct, using the example of Jouanolou, a field of degree d

with a unique invariant conic.
Recall Jouanolou proves in [32, p. 157] that the field
y = ZS‘?ZO + Z§8Z1 + ZfaZQ
has no invariant algebraic subset if e > 2 .

Let P be an irreducible polynomial of degree 2. We claim that X := P-) is a
field of degree d > 4 that has C = Z(P) as unique invariant conic (in fact C is in
the singular set of X', but this is sufficient for us). Indeed, X(P) = P - Y(P). Now
if ' = Z(Q) is another conic invariant by X we have that @ divides P - Y(Q). If
Q is irreducible, this implies that @ divides Y(Q) i.e., Z(Q) would be invariant by
Y.

If @ = lyly, then [; divides P - Y(l;) (see Definition 2.2.5). Hence Z(I;) would be
invariant by ).

To prove that d(p x)q is injective we argue as in the case d = 2. Let

(m,v) € TpayP(E) & (P +em, X + ev) € P(E)(Cle]),

where m is a polynomial of degree two linearly independent of P. Then modulo &2
we have:
(X +ev)(P+em)=(P+em)h

for some h = hy + €ho, where hi, ho are polynomials of degree d — 1. Expanding
we obtain
X(P) 4+ e(X(m) +v(P)) = (h1 + h)(P +em).
Recalling X (P) = P - Y(P), we have
P-Y(P)+¢e(P-Y(m)+v(P)) =hiP+e(him + haP).

Therefore hy = Y(P) and the condition reads

P-Y(m)+v(P) = he P+ Y(P)m.
Thus, if v =0 we get

PY(m) = ho P + Y(P)m
whence P must divide m (cf.[19]) and this implies m = 0.
(I

4.2.13. Proposition. Notation as above, let Y4 be the compactification for the
parameter space of 1-dimensional foliations of degree d on P? with an invariant
smooth conic. Then the degree of Yq is given by

e (d—1)d(d+1) (d" +25d° + 231d° + 795d* + 1856d° + 2468d? + 2256d + 768).
and its codimension is equal to 2(d — 1).
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Proof. From Proposition 4.2.9 and definition of © we have rk(€) = d(d 4+ 2). As ¢

is finite we have dimY,; = dimP(€) =54 d(d + 2) — 1. Hence
codYy=N—-dimY;=(d+1)(d+3)—1—-(5b+dd+2)—1)=2(d-1).

To compute the degree of Yy = [ s5(€) N [B] we use Bott’s formula (A.7.1,p.87):

JECLEEDY gi;;;}p]

where T := C* acts on B with isolated fixed points.

The action of T on B will be induced by an action of T on P2. With the notation
of Appendix A.6, write P? = P(F), where F' = C? has basis {eg, e1,e2}. We begin
by considering an action of T'= C* on F"

TxF—F
given by
(48) t- €; = A €;

for some w; € Z to be chosen appropriately.
This action induces an action on Sym, F'V:

given by
t-ZiZ; =t~ Witw) 7. 7.
In this way we obtain an action of T' on P® = P(Sym, F'). It is easy to see that

if we choose the weights in such a way that {w; + w;, with 0 < i < j < 2} are
pairwise distinct, we obtain precisely the following six isolated fixed points in P°:

l1:0:---:0:0],[0:1:---:0:0],...,[0:0:---:0:1].
These correspond to the conics defined by the monomials
78, 2021, Z0 22, 73, %1 Za, 73

In order to induce an action on B consider the map (see Appendix A.6):
. 2
€ : P = P(Symy FV) —-» P° = P(Sym, A F)

given by e(u) :/2\ u.

Recall that B = Graphe, the closure of the graph of ¢, and that m denotes the
map of blowup 7 : B — P?.

It is easy to see that € is T—equivariant. Hence B = Graph € inherits an action
of T. Moreover, if (A, B) € B is a fixed point then A € P5 is a fixed point, T acts
on 77 1(A) and B is a fixed point for this action.

Therefore, in order to obtain the fixed points in B we have to find the fixed
points on the fiber of 7 over each fixed point in P®.

If A is a fixed point with A €V i.e., A € {ZyZ1, ZoZ2, Z1Z2}, then 7~1(A) has
just one (fixed) point. So take A € V i.e., A € {Z3,Z%,72}. By Appendix A.5 we
have that the exceptional divisor of our blowup is

E =PW)
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where N := NyP% stands for the normal bundle of V in P5. Then for A = Z2 we
have (see (A.18) of Appendix A.6)

7Y A)=Es=P(C-Z3 @ (Z], 2175, Z3)c).

By our choice of the weights, there are three fixed points in the fiber of each A € V.
For A = Z¢ these point are

7@ 72,73 ® Z12,, 73 @ Z2.

Summarizing, we have twelve fixed points in B, three of them outside £ and nine
in . These fixed points are of three types:

Z;Z; with i # j;
(22,2} © Z;Zy) with j,k #i; j # k;
(22,2} ® Z7) with i # j.
The next step is to compute the fibers of £ (see Proposition 4.2.9) over each
fixed point.
Suppose that B € B is a fixed point. The strategy is to take a curve B(t) € B

such that
lim B(t) = B

t—0
and such that A(t) := 7(B(t)) € P5 is a curve of smooth conics for ¢ # 0. There-
fore £p will be obtained as the limit of £p;) = T Opy) = O 4y (notation as in
(4.6),p.69) :

lim © ) = &

t—0
This enables us to use the well known space of vector fields of degree d that leave
invariant a smooth conic C = Z(G) (see [14]), to wit,

oG 9 G D
*) { oz.02,  9z,07,) | T €5 )

modulo multiples of the radial vector field. We will adopt the following notation:
for each subset J := {vg,...,vx} C {Zo, Zl,Zg} we set

M (J) ={vg",vg" ™ w1, -0}
the canonical monomial basis of Sym,,(J). We write M,, for M,,({Zo, Z1, Z2}).
Set X,-’] = ZZ 832 —Z; 8‘; Notice this is a vector of weight 0, since t- Z; = tVi Z;
whereas ¢ - =1 8‘%
We now descrlbe suitable 1-parameter families of smooth conics abutting each

type of fixed point.

(1) By = ZoZ1. We take A(t) = ZyZ; +tZ3 € P°. Using the characterization (#)
we see that the space 4y of vector fields leaving A(t) invariant is given by

{F10(Z1aiz1 — Z05%)s Fao(Z15%; — 2tZ255), For(Zogg; — 2t225%-)
| Fij S Sd—l}-
Taking limit as ¢ — 0, we find a basis for £p,:
0
{F1X01,F2 | Fy e Mg 1,F2€Md\{Z2}}

Clearly this basis consists of T—elgenvectors.
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(2) By = (22,23 @ Z1Z5). In this case, we take A(t) = Z2 + tZ1Z,. With the
same procedure as above, we obtain the following basis (of T-eigenvectors) for £p,:

B B
o7 FQZO&

(3) By = (23, ng®Z1 ). In this case a curve of smooth conics that approximates Bj
is A(t) = ZZ+tZ3 +12Z3. As before, we obtain the following basis of T-eigenvectors
for £p,:

{FiZy=— JF3Xi o | i,y € Mg_y, F3 € Mg_1({Z1,22})}.

0 6
{(RZyg7 Pagz | Fr € Maoy, Fa € Ma\{Z3}}.
This concludes the computatlon of the fibers of £.
Next we obtain, for each fixed point B, a base consisting of T-eigenvectors of
TsB.
If B¢ E then TgB ~ T, ()P (Sym, F). For example, for By = ZyZ; we have

T, B ~ (ZoZ,)" @ (Z3,ZoZs, ..., Z5).
If B€ E, then B = (4,[v]) with A € V and v € N4. Now

Na

TeB = T4V & Hom(C - v, ol

Lec
see (A.15,p. 85).

For By = (23, Z3" ® Z1Z5) we have:

T, B = T2V © (25" © Z12)" @ (25 © 23, Z§" ® Z3) & (25" © Z1Z5)
where ngv == <Zg>v & <ZOZ1, Z()Z2>.

Similarly, for Bz = (22, Z2" ® Z?) we find

TosB = T2V & (25" © Z3)Y @ (25" © 2175, 25" © Z3) ® (25" @ Z7).

The explicit calculation in Bott’s formula is better left for a script in SINGU-
LAR, [27] (see[19] or [16]).

Note that the above computations of the fibers are performed for fixed d. In order
to obtain the polynomial formula in Proposition 4.2.13 we have to interpolate the
obtained results. We use Lemma 4.2.14 below which enables us to restrict the
computation just for the first sixteen values of d = 2,...,17 and then interpolate

the answers obtained.
O

4.2.14. Lemma. Notation as above, the sum in the right hand side of Bott’s
formula
st (£(d)p) N [B]
s5(£(d)) N [B] = e,
/ B%T Cg(TBB)
is a combination of wis cf. (4.8) with polynomial coefficients in d of degree < 15.

Proof. For each fixed point B let {£1(d), ..., &) (d)} denote the set of weights of
E(d)p. Since st (£(d)p) is a polynomial in the T—equivariant Chern classes

{cF(Ed)p)|k=1,...,5}

it’s enough to prove that each

ci (E(d)B) = ow(&1(d), - -, Ema) ()

is a combination of w]s with polynomial coefficients in d of degree < 3k.
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Recalling Newton’s identities

k
koy = Z(*l)iﬂdk—ipi
i=1
where
m(d)
pr(&1(d), . Gy () = D &(d)*
i=1
we see that it suffices to prove that px(&1(d), ..., &mn ) (d)) is a combination of w;s

with polynomial coefficients in d of degree < k + 2.

On the other hand, a careful analysis of the weights appearing in the basis of
E(d)p at each fixed point shows that these weights can be separated into sets of
the form

{weights of M.(J)} or {weights of M.(J)} +w

where
w is a (fixed) combination of w}s;
e=d,d—1 and
J = <Z07Z1,Z2> or
J = <Ziazj>a i #£ 7.
From this the reader may be convinced that it’s enough to prove the following

Claim: Let m = m(d,n) := (*}") and {&,1(d). ..., &, m(d)} be the weights
associated to a basis Mq({Zo,...,Z,}) of Symy({(Zo, ..., Zy)). Then

PR = Y (@)

is a combination of w}s with polynomial coefficients in d of degree < k +n.

To prove the claim we proceed by induction on n > 1 and on k > 0. For n =1,
My({Zo, 2:}) = {28,287 24, ..., 202871, 28y
so that m(d,1) = d + 1. We have
d+1 d

The sum Z?ZO i’ is polynomial in d of degree j+1, therefore p,lC (d) is a combination
of w}s with polynomial coefficients in d of degree < k + 1.

For k = 0, we have pjj(d) = m(d,n), a polynomial in d of degree n.

For the general case, write the basis My({Zo, ..., Z,}) in the following form:

ZoMyr({Zo, ..., Za}) U ZiMa1({Z1, ... Zu}) U ZsMa_1({Za, ..., Zp})U
Uz,
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Then the weights are:
wo + {&ni(d— 1)} Uwy +{&n-1,i(d — 1)} Uwy +{&2:(d = 1)} U--- U {dw,}.

Hence we can write

m(d,n) m(d—1,n)

R = 3 (i@ = 3 (wo+€nild—1)F
=1 =1

m(d—1,n—1) m(d—1,n—2)

Z (w1 + fn_l,i(d — 1))k + Z (UJQ + fn_g,i(d — 1))k + -+ (dwn)k

=1 i=1

S RTINS Y[ REST

Jj= j=0 J
k

Z(lj)wgp’;_f(d—n bt (dwn)E.

=0
By induction we conclude that p}(d) — pp(d — 1) is a combination of wj}s with
polynomial coefficients in d of degree < k +n — 1, and this implies that p}(d) is a

combination of w}s with polynomial coefficients in d of degree < k + n.
O

4.3. Foliations with invariant quadrics. The varieties of complete quadrics
(cf. [47]) can also be employed to construct a compactification of the space of 1-
dimensional foliations in P™ that leave invariant a smooth quadric of arbitrary
dimension. For example, in the case of conics and quadrics in P? we obtain the
following.

4.3.1. Theorem. Let Yq 4 (resp.Ya q) denote the closure in PN of the variety of
1-dimensional foliations in P3 that have an invariant smooth conic (resp. quadric
surface). Then we have the formulas for the degrees and codimensions,

i) deg Yy g = d—1)d (207d** +2763d' +15447d"? + 54395d* ! +114847d"° +
T RI32
207891d° + 256737d® + 225801d" + 164937d°® + 182101d° + 38993d* + 316221d> +
248856d° — 118908d — 332640) and its codimension is equal to 4(d — 1);
1
i) deg Yo g = ————= (d—1)d (d+1) (d**+81d**+3151d**+77949d*' +1369333d*°
Too9l(3)?

+18084843d"° + 185031133d® + 1481854743d"™ + 925113805046 + 447379761604
+ 168507293704d'* + 503603726976d'® + 1212870415960d'2 + 2353394912904d**
+ 3628929239056d'° + 4249158105672d° + 3232639214668d° + 413912636928d"
— 2874493287072d° — 3885321416832d° — 1115680433472d* + 4477695012864d>
+ 8264265366528d> + 8139069775872d + 4334215495680) and its codimension is
equal to (d —1)(d +5).

APPENDIX A

A.1. Vector bundles. A basic reference for this subject is [44], Chapter VI. A
vector bundle £ of rank e over a variety X is a variety £ equipped with a morphism

m:&—> X
such that
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(1) There exists an open covering {U;} of X and isomorphisms
@i :m H(U;) = U x A°.
(2) Over U;; :=U; NUj, the compositions
Yij = Qi o<p;1 (Ui x A®° = Uy x A°
are linear, in the sense that ¢;;(x,v) = (z, g;;(x)v) with transition functions
gij : Uij & GL.(C).

(3) These transition functions are cocycles: gir = gij9;k, g;jl = gj; and gy =

1.

Conversely, given cocycles {g;;} it is possible to define a rank e vector bundle £
whose transition functions are {g;;}. The morphisms ¢; : 71 (U;) — U; x A® are
called local trivializations.

A line bundle is a vector bundle of rank one.

A.1.1. Morphism of vector bundles. A morphism of vector bundles 7 : £ —
X, 7' : & — X is a morphism 1 : £ — £’ such that
(1) 7' o) =7 and
(2) if ; : 7 (U;) = U x A® and ¢ = 7/~ 1(U;) = U; x A are local trivializa-
tions of £, &’, then v; := ¢|-1(y,) fits into the commutative diagram

Y U) —s L (W)

UiXAe TU’L'XAC/

where ¢} (z,v) = (2,7v;(z)v) with v; : U; — Hom(A®, A®") a morphism from
U; to the space of linear maps. Chosing basis, we may think of ; as a local
matrix representation for .

Since over U;; the diagram below commutes,

T (Uy) — L (Uy)
i | Uy x A® — Uy x A°
Uij x A° Uij x A°

we have
955 (@) () = vi(2)gij(2) -

A.1.2. Sections of a vector bundle. A section of £ is a morphism s : X — &
such that mos =1idy.
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A section s is determined by a collection of functions s; : U; — A€ such that
8; = GijS;

in U;j. We have ¢;(s(x)) = (z, s;(x)) for z € U;.

A section of £ determines a morphism of vector bundles that we also denote by
S,

S OX — &.

If s is a section of £ as above, the zero scheme of s, denoted Z(s), is defined in each
open set U; by the ideal (s;1,..., i), where s; = (s;1,. .., 8i) with s;; € Ox(U;).

In fact Z(s) is the scheme defined by the ideal sheaf image of the map sV : €Y —
Ox dual of s.

A.1.3. Pull-back of vector bundles. Suppose that 7 : £ — X is a vector
bundle, and let f : Y — X a morphism. We define a vector bundle over Y, denoted
f*E as follows.

Take the open covering {V;} of Y, where V; := f~(U;), and glue the patches
{Vi x A°} along V;; := V; NV, using the cocycles h;; = g;; o f, (i.e., by the
isomorphism (y,v) — (v,9:;(f(y))v)). The variety obtained in this way has a
natural projection to Y, p(y,v) =y, and p~1(y) = 7~ (f(y)), i.e., in the fibers we
have (f*g)y = 5f(y)~

A.1.4. Jet bundles.

We recall the notion of jet bundles associated to a vector bundle. A basic refer-
ence is [28, 16.7] and [42]. Here we state without proofs the results that we need
in the text.

Let &£ be a vector bundle over a smooth projective variety X. For n > 0 the
n-jet bundle associated to &£, denoted P"(E), is a vector bundle over X whose fiber
over z € X is given by

P (E)s = (Ox/mi*t) @ &,
where m, is the maximal ideal of the point x.
For each n > 0 there exist exact sequences:

(A1) 0 — Sym,, 1, Qx ® & = P"TH(E) — P™(E) — 0.
As an example let’s analyse the case n = 0. We have
(A.2) 0= QxRE = PYE) = £ —0.

Consider the evaluation map
ev: X x HY(X,E) = &

given by ev(z, s) = (z, s(x)).

The map ev lifts to a map

evy : X x H(X, &) — PYE).

Suppose that we are in a neighborhood of 0 € X and that x = (z1,...,2,,) are
local coordinates of X.

On the fiber of 0 we have evy (0, s) = (0, s(0) + Jos- ), where Jys is the Jacobian
of s at 0. If s(0) = 0 then

ev1(s) = Jos-x € Qx,0 ® & ~ m/m? ® &

i.e., we retrieve the differential of the section.
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In general ev lifts to a map ev, : X x H(X,&) — P*(€) given by
evp(z,s) = (z, sn(2))

where s, (x) is the Taylor expansion of s truncated in order n + 1.
We have a commutative diagram

€VUn

(A.3) X x HO(X,E) —=2s pr(£)

N

Prl(E) .

A.2. Cartier Divisors. General references for this subject are [43] Chapter III
and [44] Chapter VI.

A.2.1. Definition. Let X be a scheme. A Cartier divisor D on X is given by
an affine open cover {U;} of X together with a choice of an invertible element f;
in the total ring of fractions R(U;) of the coordinate ring Ox (U;) such that f;f;*
is invertible in Ox (U;;), with U;; = U; NUj, Vi, j. Each f; is said to be a local
equation of D in Uj;.

The data ({U;}, fi) and ({Va}, ga) determine the same Cartier divisor if there
exists a refinement {Wy} of {U; NV, } such that

(A.4) (fiwy)(Ga wy)" " is invertible in Ox (W))

for all i =i(\), a = a(N), W\ C U, NV,.

For each Cartier divisor on a scheme X, we are given a collection of local equa-
tions f, € R(Ox), Yo € X with the following property. For each x € X, there
exists an affine neighborhood U, together with some f € R(U,) such that f, is
the image of f in R(U,) for all y € U,. Two such collections {f.},{g.} define the
same Cartier divisor if and only if for all  we have that f,g, ' lies in O% ,» the
subgroup of invertible elements. Put in other words, a Cartier divisor is an element
of H(X, R*/O*).

A Cartier divisor is said to be effective if it admits a representation by local
equations ({U;}, fi) such that f; is a regular function, i.e., f; lies in Ox (U;) for all
1. This is the same as a closed subscheme locally defined by a nonzero divisor.

A Cartier divisor D = ({U;}, f;) is said to be principal if f; = f; in U;;, Vi, j.
In other words, the given local equations are compatible along the intersection,
thereby yielding a global section f of the subsheaf R% of invertible elements of the
sheaf of total ring of fractions, so that we may also write D = ({X}, f), a single
equation.

A.2.2. Example. Let X =P" and let F(Zy,...,Zy,) be a nonzero homogeneous
polynomial of degree m. Let U; be the standard affine open subset complementary
of the hyperplane Z; = 0. The coordinate ring of U; is the polynomial ring in the
indeterminates Zo/Z;, ..., Zn/Z;. Put

fi=Z;"F =F(Zo/Zi,..., 2] %;) € Ox(Us).

Then (U, fi), i = 0,...,n is an effective Cartier divisor. It is equal to the hyper-
surface defined by F.
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A.2.3. Definition. Let D = ({U;}, f;) be a Cartier divisor on X. The cycle
associated to D is

[D] =) ordy(D) -V,
where the sum is taken over the subvarieties of codimension one and the coefficient
is defined by

(A.5) ordy (D) = ordy, (f;)
with V; =U; NV # 0.
A.2.4. Definition. Let D = ({U;}, f;) be a Cartier divisor on X. We write
Ox (D) for the line bundle associated to D, defined by the transition functions
fij = fifjil on U,’j (Cf[43], p270)

Explicitly, Ox (D) is the scheme over X obtained by glueing. One takes the

disjoint union
[Jvi <A

(z,v) € U; x A, (y,w) € U; x At

and identify pairs

if and only if

zr=yelU; and v=f;(z)w.
In other words, we glue the open affine subsets U; x A, U; x A! identifying the open
subsets U;; x A CU; x A, U;; x A C U; x Al via the isomorphism A[T] ~ A[T]
defined by T'+— f;; - T', where A denotes the coordinate ring of U;;.

A.2.5. Proposition. Let L — X be a line bundle over a variety. Then there
exists a Cartier divisor D on X such that Ox (D) is isomorphic to L.

Proof. Let {U;} be an affine open cover of X and let f;; € Ox(U;;)* be transition
functions for £. Since X is a variety, each coordinate ring Ox (U;;) is a domain,
contained in the function field R(X) = R(U) for any open subset U # (. Fix an
index ip, and write it 0 for short. Set f; = fio. It is clear that ({U;}, f;) defines
a Cartier divisor D. Furthermore, the associated line bundle Ox (D) is given by
the transition functions f;f;~! = fiofjo ' = fij, whence Ox(D) is isomorphic to
L. O

A.2.6. Remark. The result above does not hold for arbitrary schemes, cf.
Hartshorne, [30].

A.3. Projective bundles. Associated to a vector bundle £ we have a projective
bundle P(£). Tt is obtained by replacing the vector space fibers of £, all isomorphic
to A°, by the projective space P(A¢) ~ P¢~!. See [44, Chapter VI p.73] and [21,
Appendix B.5].

Explicitly, given a vector bundle defined by transition functions {g;;}, we glue
the patches {U; x P°~'} along U;; x P! using the linear isomorphisms g;;’s. We
glue U; x P~ with U; x P! with the isomorphism (z,[v]) — (z,[g;;v]), for
X € Uz]

We have a projection

p:P(E) — X such that p(p; (z, [v])) = z.

This map is proper.
Consider p*&, it is a vector bundle over P(E), whose fiber over (z, [v]) is &,.
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In analogy with the tautological line bundle of P, there exist a tautological
vector subbundle Og(—1) of p*&, whose fiber over (z, [v]) € P(E) is Cv. We have

Og(—-1) — p*€
which is nonzero on every fiber. The above correspond to a section
Opey — p"E ® Og(1).
The cokernel is the relative tangent bundle of P(£) over X:
(A.6) 0 — Opgy — p*E@Oe(1) — Tpeyyx — 0.

A.4. Grassmannians. For the definition and first properties of Grassmannians
consult ([29] Lecture 6) or [43] and [44]). Let G = G(k,n) denote the variety
parametrizing projective k-planes of P (equivalently G parametrizes vector (k+1)-
planes of C**1.) We have

dimG(k,n) = (k+1)(n — k).
There exists a tautological exact sequence of fiber bundles over G,

(A7) 0-S—-GxC"" - Q-0

where § is of rank k£ + 1 and Q is of rank n — k. Explicitly, if W € G is the
projectivization of a k + 1-plane A C C"*! i.e., W = P(A), then the fiber of S over
W is Sy = A (respectively, the fiber of Q is C"*1/A).

If we dualize the sequence (A.7), we obtain

(A.8) 0-Q" -G xC! 58Y—o.

The fiber of Q¥ over W is the subspace of C"*1 generated by the equations defining
w.
In the case k = 0, we have G(0,n) = P™, and the tautological bundle is S =
O]P’n (7 1) .
The projective bundle P(S) is the universal k-plane:
P(S) ={(W.p) e G xP" [pe W}
We have projection maps

(A.9) )T G x P

/\

Observe that p5Opn (—1) = O]P(S)(*l)-

A.5. Blowup. In this section we present without proofs some basic facts about
the blowup of a scheme along a subscheme. A reference for this subject is [21,
Appendix B.6] or [43, Chapter II].

Let X be a closed subscheme of a scheme Y, defined by an ideal sheaf J. Then
the blowup of Y along X, denoted Y is defined by

Y = Proj(@ J”).

n>0
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Denote by  : Y =Y the projection and set E := 7~!(X). Then FE is a Cartier
divisor, called the exceptional divisor. Moreover, 7 restricted to Y \ F is an
isomorphism onto Y\ X.

Suppose that the embedding of X in Y is regular of codimension d. Then we
have

E =PW)

with projection  : E — X, where N' = NxY, stands for the normal bundle.
Moreover,

(A.10) NEY = 03(E) g = On(-1).

Next we want to compute the fiber of TY over a point y € E. We have the
following exact sequence

O—>TE—>T1~/|E—>NE)~/—>O.
Therefore
(A.11) T,Y = T,E & On(-1),

though not canonically. However, if y € Y happens to be a fixed point of some
C*—action on Y that leaves X invariant, the above decomposition is unique as
C*—modules.

If y = (x,[v]), with z € X and v € N, then

(A.12) On(-1), =C- 0.
In order to compute 7, E, we observe that
(A.13) TyE = To X & Ty P(N,).

But 7p,P(N,) is the fiber over y of the relative tangent bundle of P(N) over X,
which is defined by the following (Euler) exact sequence (see [21, B.5.8.]):

0— OIP’(N) - N ® OP(N)(l) — 7}{»(,\/)/)( — 0.

Moreover, from this we deduce that Tpny,x = Hom(Oppry(—1), Q) where Q is the
universal quotient bundle of P(N'). Thus

(A.14) Ti)P(Nz) = Hom(C - v, (é\/zv)
Putting together (A.11), (A.12), (A.13) and (A.14) we obtain
~ N,
(A.15) EY:’Y;X@Hom((Cw,C.U)@(Cm.

As a final remark observe that since 7 is an isomorphism from Y \ F onto Y\ X
we have, for a point y € Y\ F,

7;}7 = Tﬂ(y)Y'
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A.6. Complete conics. In this subsection we review some results about conics
and the space of complete conics. References for this topic are [29], [47].

Let F denote the vector space C3, P2 = P(F). A conic is given by a nonzero
symmetric map u : F — FY modulo non-zero multiples, i.e., an element of
P(Sym,(FY)) = P°.

The rank of a conic is by definition the rank of the map w. It defines two
distinguished subvarieties in P(Sym,(FV)). The first one is the locus of double
lines, corresponding to the maps with rku = 1. We denote it by V. The locus of
singular conics (the maps with rku < 2) is denoted by V5. We have that Vj is the
(cubic) hypersurface defined by det(u) = 0 and V is the Veronese surface, given by
the image of

vy : P(FY) — P(Sym, FY)

where vo([ag : a1 : ag]) = [a3 : 2apay : - : a3] i.e., vy sends a line L := agZy +

a1Z1 + aaZy to L? := a2 Z3 + 2apa1Z0Z1 + -+ - + a3 Z3.

Next we compute the tangent and normal spaces of the Veronese variety in
P°. Suppose that the double line we are considering is Z2. Then a vector v =
(a1,a2,...,a5) is in Tz2V if and only if

Zg + &‘(alZ()Zl +asZolo + -+ CL5Z§) S V(C[&‘])

i.e., if the matrix representing this conic has all 2x2-minors equal to zero over the
ring Cle], €2 = 0. This matrix reduces (after some elementary operations) to

1 0 O
(0 £gas 6(14) .
06(14 gas

So it is clear that all 2x2 minors of A vanish if and only if a3 = a4 = a5 = 0. It
follows that

(A.16) T2V =C - 23" ® (%9721, ZoZa)c C Tz2P® = (Ops (1) © Q) 22
and
(A.17) (Ops (1) ® Q) 22 = C- 23 ® (2021, ZoZo, 23, Z1 22, Z3 ) -

Consequently the normal to V in P° is:
(A.18) Nz =C- 25 ® (27,2125, Z5)c.

In fact, in [47, Proposition 4.4.] is proved that if we consider the Grassmannian of
lines in P? with tautological sequence:

S > G x F— 9y
where Sy has rank 2, then
NyP® = (Ops (1) @ Symy(Sy ) v

This may clarify the description (A.18).

The Gauss map associates to each point on a conic C its tangent line. If a conic
C is smooth, this map is an isomorphism and the dual C* is again a smooth conic
in P2, also referred to as the envelope of tangent lines to C. It is the restriction to
the conic of the map P(F) — P(FV) induced by the linear map u. But there is
no well defined tangent line at a singular point of the conic. In order to produce
a well defined envelope for every conic, H. Schubert ([45]) introduced the variety
of “complete conics”. This variety is a compactification of the variety of smooth
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conics, different from P°. Let us explain how this compactification is obtained.
Consider the rational map

. 2
€ : P> = P(Symy FV) --» P° = P(Sym, A FY)

given by e(u) —A u. This map restricted to the open set of smooth conics is a
bijection that sends a conic to its dual conic.

The variety of complete conics is the blowup B of P? along V. In [47, p.210] it
is proved that B is embedded in P® x P% as B = Graphe, closure of the graph of e.

A.7. Bott’s Formula. In this section we explain Bott’s equivariant formula. A
reference for this subject in the general case is [40] and the bibliography therein.

Let X be a smooth complete variety of dimension n, and let T'= C* act on X
with isolated fixed points. Write X7 for the set of fixed points.

Let € be a T-equivariant vector bundle over X of rank r.

If p(c1,...,c.) is a weighted homogeneous polynomial of total degree n with
rational coefficients, where degc; = i, then

p(cl(g)a . ~7CT‘(5)) n [X]

is a zero cycle in X. Bott’s formula expresses the degree of this zero cycle in terms
of data given by the induced action of T" on the fibers of £ and of the tangent bundle
T X over the fixed points of the action. Below is an outline for its usage.

Let p € XT be a fixed point. The torus T acts on the fiber &, and (as T
is semisimple) we have a complete decomposition of &, into T-eigenspaces, with
certain weights &; € Z:

Ep = @::15;?
with
Egi ={ve& |t-v="t8teT}.

Set

T o

¢ (gp) - 0i(§17 cee aé-T) )
where o; denotes the i-th elementary symmetric polynomial:
01 :ij, 02:251’5]'7 sy op =81
i<j

Set pT'(&,) = p(cF (&), ..., cI(Ey)). Here the magic comes:

T

A.7.1. Theorem. (Bott’s formula)

T
/p(cl(g),...,cr(e))ﬂ[X]: > c];(%f)

peXT

~—

|
It is a nice fact that the integer appearing in the left hand side is obtained as a
sum of rational numbers!
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